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ABSTRACT 
The purpose of the investigation contained herein 
is to develop the detailed equations necessary for the 
sequential l eas t  squares adjustment of satellite tri- 
angulation and trilateration in combination with 
terrestrial data. The equations are then applied to 
particular terrestrial and satellite observables. A 
computerized system is developed to perform the necessary 
computations. 
ii 
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GENERAL 
By means of satellite triangulation and trilateration, 
the coordinates of earth-fixed points are obtainable in a 
common coordinate system. 
(a) "absolutely" or (b) "relatively" oriented. According 
to [Veis, 1963, pp 3 and 4 1 ,  the former, (a) , is termed 
the average "terrestrial" coordinate system. It has as 
its origin the earth's centre of gravity and is oriented 
This coordinate system is 
so that the tertiary axis is directed toward the average 
pole as defined by the International Latitude Service; 
the primary-tertiary plane is parallel to the mean 
meridian of Greenwich as defined by the Bureau Inter- 
nationale de 1'Heure. The latter system (b) is termed 
the "geodetic" coordinate system and will be assumed to 
have axes which are parallel to the terrestrial system, 
i.e., (b) differs from (a) by a translation only. 
In satellite triangulation absolute satellite direc- 
C.. 
tions, i.e., topocentric right ascensions and declinations, 
1 
2 
(mathematical model - Section 1.2) are simultaneously 
observed from several ground stations (minimum is two). 
The adjustment of these observations in a given network 
requires that one ground station be held fixed, and the 
scale be obtained say from terrestrial distances 
(mathematical model - Section 1.5) and introduced via a 
terrestrial chord constraint between any two ground 
stations. It is clear that the orientation of the net- 
work is determined via the absolute satellite directions 
implicit in the topocentric right ascensions and 
declinations. 
On the other hand, satellite trilateration involves 
the observation of topocentric ranges (mathematical model - 
Section 1.3) from several ground stations (minimum is 
three). The adjustment of these observations requires 
that one ground station be held fixed, and the orientation 
be accomplished by constraining two absolute terrestrial 
directions within the network. These absolute terrestrial 
directions may be in the form of direction numbers 
(mathematical model - Section 1.6) resulting from many 
absolute satellite directions simultaneously observed from 
pairs of ground stations [Veis, 1963a; AardOOm et al, 
1965; Lambeck, 19661. Still another form of the directions, 
may be absolute three-dimensional geodetic normal 
section azimuths and altitudes (mathematical model - Section 1.8) 
3 
as determined in [Kahler et al, 1963; Mancini, 1964; 
Mancini and Gambino, 19651. Also, the absolute terrestr- 
ial directions may be determined from terrestrial vertical 
angle and astronomic azimuth observations (mathematical 
model - Section 1.7) as discussed in [Hotine, 1959; 
Levallois, 1963; Wolf, 1963; Rapp, 19671. Scale is im- 
plicit in the ranges themselves, however, scale may also 
be introduced by terrestrial bases as mentioned previously 
in the discussion concerning satellite triangulation. 
The modern approach is to combine absolute satellite 
directions, ranges, and terrestrial data together in one 
adjustment. This system will be referred to as satellite 
triangulation and trilateration in combination with 
terrestrial data. In addition to absolute terrestrial 
directions and terrestrial spatial distances (observables 
already mentioned), the adjustment system to be developed 
will be shown to be capable of processing a mixture of 
satellite directions and ranges (mathematical model - 
Section 1.4), astronomic latitude, longitude, azimuth, 
and vertical angle (mathematical model - Section 1.7), 
deflection of the vertical components (mathematical model - 
Section 1.9), geopotential numbers and geoid undulations 
or height anomalies (mathematical model - Section l.lO), 
and ground station coordinates (mathematical model - * 
Section 1.11) . 
* Considered as the unknowns during the initial 
adjustment and as observables (i.e. they are 
weighted)during the sequential modification phase. 
4 
In order to determine the effect that new ob- 
servations and/or additional constraints may have on an 
original adjustment, a sequential adjustment system is 
developed. The following two specific sequential de- 
velopments are given: 
1. Sequential modification of an original 
satellite triangulation adjzlstment by 
additional absolute satellite directions, by 
ranges, by a mixture of the previous two, and 
by terrestrial data (Section 2.2). 
Sequential modification of an original 
satellite trilateration adjustment by 
additional ranges, by absolute satellite 
directions, by a mixture of the previous two, 
and by terrestrial data (Section 2.2). 
2. 
The problems of the combination of normal equations, and 
the sequential combination of solutions is treated in 
Section 2.3. 
Section 3 deals with the design of the computerized 
sequential least squares adjustment system. 
Section 4 contains the application of the least 
squares sequential expressions. 
Before beginning the dissertation proper, the 
following general remark as to the method of weighting is 
5 
in order. Since many different types of observables are 
dealt with, it was decided to arrange the equations such 
that the residual vectors would have linear units. 
This fact necessitates the appropriate conversion of some 
variances (to be used for determining weights) into 
linear units by usual propagation of variances. 
transformation into linear units is not imperative (the 
The 
same results may be obtained by working in the original 
units of the observables), however the following are some 
advantages in doing so: 
(1) Variances and residuals of all types of 
observables are in the same system, i.e., they have linear 
units for easy comparison, 
( 2 )  The numerical magnitude of the elements of 
matrices and vectors are near "one. " 
( 3 )  The residual vector, if computed, is directly 
obtainable in sometimes more meaningful units instead of 
say, radians. 
It is completely recognized that from the 
theoretical point of view the probability density function 
of the transformed residual vector is made more complicated 
due to the presence of additional variables. 
additional variables vary only slightly over the domain 
of variation of the original residuals, thus, from the 
practical point of view, this problem is considered as 
minor. 
However, the 
I. MATHEMATICAL MODELS, PRECISION 
ESTIMATION AND WEIGHTING 
1.1 Introduction 
This section deals with mathematical models and 
weighting schemes. The mathematical models represent 
the equations used to relate the parameters or un- 
knowns to the observables. Weighting schemes are de- 
termined via the precision estimates of the observ- 
ables, namely, their corresponding variances and co- 
variances. 
In this treatment, no attempt is made to dis- 
tinguish between directly observed quantities* and 
quantities deduced from previous computations. This 
is so since any quantity with a finite variance is 
considered as an observable by the least squares ad- 
justment. Within the context of the problem at hand, 
examples of the former group are rare if not non-existent, 
* assuming there is such a quantity 
6 
7 
while some quantites used to exemplify the latter 
group are: 
1. absolute terrestrial directions between 
pairs of ground stations as obtained from 
a least squares adjustment of the slmul- 
taneous directions to satellites, 
2. astronomic latitude determinations as 
obtained from a least squares adjustment 
of observed zenith distance differences to 
stars (Horrebow - Talcott method), 
3 .  absolute satellite directions as obtained 
from a least squares adjustment of measure- 
ments made on a photographic plate. 
In general, these adjustments result in unbiased 
precision estimates of the deduced quantites. 
of biased precision estimates is one of the key aspects 
of the sequential adjustment system developed herein. 
Since proper precision estimation of the quantities to 
be weighted is of paramount importance, some special 
problems on the propagation of variances and covariances 
from one coordinate system to another are treated. 
Detection 
1.2 Absolute Satellite Directions 
Simultaneous topocentric absolute satellite directions 
from groups of grounu stations to particular satellite 
positions are obtained by photographinq the satellite 
8 against the background of stars [Mueller, 1964, p 3091. 
These satellite directions, if properly distributed over 
a given network, serve as the main constituent in 
performing a Self-contained world or continental wide 
satellite triangulation (Section 2 .2 ) .  If sparsely 
distributed, these directions serve simply as additional 
observables which may be sequentially added to another 
self-contained system like satellite trilateration 
(Section 2.3) . 
1.21 Formulation of Mathematical Model 
The parameters are the three-dimensional Cartesian 
coordinates of the ground stations and the satellite 
* 
positions both referred to the average terrestrial or 
the geodetic coordinate system (Figure 1.2-1); while the 
* 
observables are the topocentric right ascension and 
declination of the satellite and are assumed to refer to 
an absolute coordinate system called the true celestial 
system [Veis, 1963; Mueller, in press]. 
The mathematical model is [Krakiwsky and Pope, 1967, 
Equation 2-21 
3 3 3 
= 0, 1.2-1 
= '  j -'i-'ij 
* The choice of coordinate system depends on the system 
within which the coordinates of the particular ground 
station held fixed in the adjustment are given. 
9 
w 
AVERAGE 
TERRESTRIAL 
GREENWICH 
MER ID1 AN 
U 
ORBIT - 
OOE AST) 
/ 
/"0 
I 
GEODETIC (u,v,w 1 COORDINATE SYSTEM 
PARALLEL TO THE TERRESTRIAL S Y S T ~ M  
FIGURE 1.2-1. VECTORS TO GROUND STATION AND SATELLITE 
POSIT ION,  AND TOPOCENTRIC VECTOR. 
10 
ij cos6. .cosa - il 17 
lj 
rij cDssijsina 
r . .sin6 ij i 17 -+ Xij = R2(-X) R1(-y) R3(GAST) .I 
where 
1.2-4 
-h 
xi 1.2-2 
is the vector composed of tne Cartesian coordinates of 
any arbitrary ground station; 
3 x =  
j 
is the vector composed of the 
1.2-3 
Cartesian coordinates of 
any arbitrary satellite position; 
is the ground station i to satellite position j vector 
obtained by rotating the topocentric vector from the 
true celestial coordinate system to the average 
terrestrial system by rotations through Greenwich 
apparent sidereal time and the two components of polar 
motion [KrakiwsKy and Pope, 1967, Equation 1-61. 
11 
The mathematical model (Equation 1.2-1) is linearized 
by a Taylor's series expansion-about the observed 
values of a and 6, and-the preliminary values 
Considering numerous 
j* 
of uir vir wi, u v and w 
ground stations and satellite positions, the result is 
j' j' 
A X + B V + W = O .  1.2-5 
The parameter coefficient matrix A is composed of 
the submatrices 
1 0 0  
0 1 0  
0 0 1  
The unknown vector X 
I 
I 
I 
I 
I 
I 
1 
I 
I 
is 
-1 0 0 
0 -1 0 
0 0 -1 
=[I, I -*] 
1 2-7 
composed of the subvectors 
being corrections in meters 
1.2-8 
to the preliminary coordinates 
of satellite position and ground station-, respectively. 
** 
The observable coefficient matrix B is composed of 
the 3 x 3 submatrices 
1.2-9 
* Partial derivatives are taken with respect to 
the ranges as if they were observables; however, 
in Section 1.22 it will be demonstrated how the 
ranges are deleted thereby leaving a pure optical, 
mode adjustment. when the ranges are not deleted 
a mixed mode results (see section 1.4) .. 
Observable in the sense that it is related to the 
vector of residuals (corrections to observables). . -  
13 
= R2 (-XI R1 (-y) RI (GAST) 
b b cossijcOsaij~ b b 
-sln% ' sin6ijcoscxij; 
- b  b 
coS6ijsina ij 
b b sindi jsinai ; cosai j; 
. 
1 
0 
0 
0 
-1 
0 
-c0sdij b ; 
ij 
0 
0 
r 
0 :  
0 
1.2-10 
0 
ri cos&: o 
j j 
ri J 
j 
0 ri j 0 
o r '   cos^; o 
0 0 r 
j 
ij 
j i 
L * 2-11 
The vector of residuals V is composed of the 3 x 1 
subvectors (units in meters] 
(The cosine term in the above makes the particular residual 
compatible with the other residuals); The latter is a. 
result of combining the last 3 x 3 matrix of Equation 
1 . 2 - 1 1 . * ~  with 
e 
** is numerically evaluated without the last 3 x 3 'i j 
matrix. 
'6Sij. 
6Cli 
6ri 
-. 
1.2-13 
where 66  and 6a are in radians. 
The last term of the linearized mathematical 
model is the constant vector W (point about which 
the mathematical model is being expanded) and is 
composed of the 3 x 1 subvectors 
wij = t? 7 - 3; - +-b xij ; 1.2-14 
"0" and "b" designating approximate values and observed 
values, respectively. 
1.22 Precision Estimation and Weighting 
The precision of the topocentric right ascensions (a) 
and declinations (6) of satellite directions may be 
estimated in one of several ways, namely: 
(1) Variances and covariance G a I o s 2 ,  G a 6  of 
a single direction estimated by the least 
squares adjustment of photographic plate 
measurements [Schmid, 1953; Brown, 19571 , 
15 
(2) Variances and covariance of a single inter- 
polated direction as estimated by a rigorous 
’ .  
least squares curve fitting to a series of 
single direction observations [Aardoom, 1965, 
pp 2 to 6; Schmid, 19651. 
, 
Thus, the estimated precision of an absolute 
satellite direction is depicted by the variance of the 
declination a6 , the variance of the right ascension A 2  
A 2  h A 
The units of these a6 * , and their covariance = CJ Oa 
quantities are dictated by the chosen units of the 
residuals vij (meters - Equation 1.2-12). 
The weight matrix P (Pij for one direction) is 
[Krakiwsky and Pope, 1967, Equation 2-19] 
1.2-15 
l o  0 
where oo2 is the apriori variance * of unit weight 
(unitless). The precision estimates have units of meters 
16 
squared: conversion into linear units from arc-second 
squared units is made as follows: 
h 
A IO 
oda= r2 cos6 . 
( P  l 2  
The proof that the weight matrix Pij is indeed that 
expressed by Equation 1.2-15 is as follows.- Given the 
variance-covariance matrix C , the expression for 
A 
6,a,r 
is pi j 
-1 
1.2-16 
* From here-on-in the same (J will be used to 
determine the weight for a h  observed quantities. 
The weights will be in the same system thereby 
allowing the combination of the various types 
of observables in the adjustment. 
17 
h h A 
- 1  
1.2-17 
The above matrix is then partitioned and the inverse 
formed by the method of bordering [Faddeev and Faddeeva, 
1963, pp 163 - 1671: 
I 
c6,a 
I 
' 8  ,a;r 1 
A 
- - -  
" I  
A 
6 , a ; r  c - - -  
A 
(3: 
- 1  
1.2-18 
1 '' I A '1 A '1 A c e -  6,a;r 6,wrC6,a -(or2) z ~ , ~  6,a;r c + - - - - - - - - - - *  (; 2)-1 6 ,a,r '6 ,a I r 
1.2-19 
h A 
Since r is neither observed nor known, or2 = QO, (or2)-' = 0, 
the covariance with r vanishes and the above equation 
reduces to the form expressed in Equation 1.2-15. 
1.23 Propagation of Variances from 
Perpendicular and Along the Track 
into the Right Ascension 
Declination Coordinate System 
Figure 1,2-1 depicts the relationship between 
two differential coordinate systems; the photograph% 
plane or perpendicular and along the track system 
18 
FIGURE 1.2- 2 SATELLITE ORBIT IN THE CELESTIAL COORDINATE 
SYSTEM. 
19 
A n ,  A < ,  and the right ascension declination system. 
The estimated precision of a satellite direction in 
the photographic plate is sometimes given in terms of 
the variance a perpendicular to the track of the orbit, 
the variance (T along the track, and the covariance 
(T = a  
into the right ascension declination system is accomplished 
A 
G 
n 
A 
h A . Propagation of these precision estimates 
<rl n c  
as follows. 
First, a transformation between the two systems is 
achieved by a negative two dimensional rotation (axes A n  
and A a  cos6' taken as primary)througki the angle (go-$),  
0 
namely 
The desired variance-covariance matrix is 
A 
= G C  G' , n,G 
1.2-20 
1.2-21 
1.2-22 
1.2-23 
20 
or explicitly 
operators 'VI' and "E" correspond to the "variance- 
covariance" and the "expected value", respectively. 
Expressions for the computation of the angle J, 
used in the G matrix above are obtained by applying 
Napier's rules to the spherical triangle in 
Figure 1.2-1; as a result 
cos J, = cos i cot (a-62) tan&' , 1.2-25 
cot$ = tan i cos(a4) cos&' , 1.2-26 
where i is the inclination of the orbit, a is the right 
ascension of the satellite, 62 is the right ascension of 
the ascending node, and 6 '  is the geocentric declination 
of the satellite. The above two equations are meant to 
be used to resolve any quadrant ambiguities. 
21 
1.3 Satellite Ranges 
Topocentric satellite ranges from groups of ground 
stations to particular satellite positions are obtained 
by electronic satellite measuring systems operating on 
the interferometer principle, the Doppler effect, and 
the ranging systems [Mueller, 1964, p 2681, These simultaneous 
satellite ranges (analogous to absolute satellite 
directions), if properly distributed over a given net- 
work, serve as the main constituent in performing a 
self-contained world or continental wide satellite 
trilateration (Sectibn 2-3). If sparcely distributed, 
these ranges serve simply as additional observations 
which may be sequentially added to another self-contained 
system like satellite triangulation (Section 2.2)- 
1.31 Formulation of Mathematical Model 
The parameters are the three-dimensional Cartesian 
coordinates of the ground stations and satellite positions, 
while the observables are considered as the topocentric 
ranges. 
22 
* The mathematical model is [Krakiwsky and Pope, 
1967, Equation 3-21 
where rij is the topocentric range from ground station i 
to satellite position j, and ui, vi, wi and uj, vj, wj 
are the Cartesian coordinates referred to the terrestrial 
or geodetic coordinate systems . ** 
The mathematical model is linearized by a Taylor 
series expansion about the preliminary values of ui, vi, 
wi, uj, vj, and w and the observed value of rij; 
Considering numerous ground stations and satellite 
positions, the result is 
j ’  
A X + B V + W = O  . 1.3-2 
The parameter coefficient matrix A is made-up of 
the submatrices 
* Error models should be encorpora-ed into the present 
mathematical model once the present goals set forth 
in this paper have been reached. 
** See Section 1.21 for a discussion on the coordinate 
systems. 
uo-uo - j i  - 
0 
ri j 
0 0  v -vi i; 
ry 
1 
23 
aF ] 1.3-3 aF aF ij ij i-j 
awi aui avi 
wo-wo j i  
0 
ri j 
0 0  w -w j i  
0 
ri j 
. -  
I 1.3-4 
1.3-5 
where the superscripts "0" and "b" indicate preliminary 
and observed values, respectively. 
The unknown vector X is composed of the subvectors 
'i j 
- [- 2:- j 1.3-6 
The observable coefficient matrix B is a negative 
unit matrix. 
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The residual vector V is composed of the individual 
residuals vij in meters which correspond to the observed 
range r b ij. 
The constant vector wis made up of the individual 
differences 
b ro - r - W ij ij ij 
1.32 Precision Estimation and 
Each observed topocentric range 
1.3-7 
Weighting 
is assumed to be 
* 
a random variable whose precision is depicted by the 
variance a in units of meters squared. The correspon- 
ding weight for the uncorrelated case is 
A 
r 
ij 
2 
O O  
Or 
7 
2 
ij 
? 1.3-8 
where oO2 is the one and only apriori variance of unit 
weight for the entire mixed or combined adjustment. 
is stipulated to be unitless. Units of meters squared were 
2 
a0 
used in [Krakiwsky and Pope, 1967, Equation 3-81, however 
this is just a matter of convention; the final result is 
the same (see Section 1.12). 
* Assumptions about the particular probability density 
function of the random variable need be made only 
at the time of formulating statistical hypothesis 
tests. 
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1.4 Mixture of Absolute Satellite Directions 
and Ranges 
Pure absolute satellite directions and pure ranges 
are the main constituents of the two self-contained 
systems of satellite triangulation and trilateration, 
respectively. Situations exist where the number of 
ground stations participating in a simultaneous event is 
less than needed, namely, a minimum of two and three in 
the optical and range cases, respectively. Under these 
circumstances it is feasible that absolute satellite 
directions and ranges are co-observed from the same 
ground station. If not actually co-observed, it is 
possible to fabricate or interpolate for synthetic 
simultaneous observations. In addition, the range from 
a second ground station may be available. 
By mixing the optical and range data as obtained 
from pairs of ground stations, the observaqional data may 
be sequentially added to the satellite triangulation and/ 
or trilateration systems. 
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" 
kj 
kj 
cosa 
kj kj 
kj kj 
kj kj - 
cos 6 
cos6 
sin6 
r 
sina = RP (-XI R1 (-y) R3 (GAST) %j 
1.41 Formulation of Mathematical Model 
The unknowns are the three dimensional-Cartesian 
coordinates of the two particular ground stationsk 
and 1, and satellite position j; while the observables 
are the topocentric right ascension, declination and 
range from station k, and the topocentric range from 
station 1 (Figure 1.4-1). 
The mathematical model is 
1.4-1 
1.4-2 
where (Equation 1.2-4) 
The mathematical model (Equations 1.4-1 and 1.4-2& 
is linearized by a Taylor's series expansion about the 
W 
I 
AVERAGE 
TERRESTRIAL 
GREENWICH 
MEAN 
MERIDIAN 
CENTRE OF 
GEODETIC ( u , v , w )  COORDINATE SYSTEM 
PARALLEL TO THE TERRESTRIAL SYSTEM 
U 
,/'uo 
FIGURE 1.4-1. VECTORS TO GROUND STATIONS AND 
S A T E L L I T E  POSIT ION,  TOPOCENTRIC 
VECTOR, AND RANGE. 
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aF1 I aF1 aF1 3F1- - - -- - aF1 - aF1
auk avk awk I aul av, awl 
aF2 
1 
awl 
1 
I 
aF3 I -
I awl 
-
r and rlj, and the 6 k j '  kj' observed values of c j j ,  
preliminary values of uk, vk, wk, ul, vl, wl, uj, vj, 
and w j ;  Considering numerous pairs of ground stations 
and several satellite positions, the result is 
A X + B V + W  = 0 . 1.4-4 
The parameter coefficient matrix A is composed of 
the submatrices 
. . .  
. . .  
. . .  
1.4-5 
I I -I I 0 
lj 
0 -a 
I I 
1.4-6 
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where 
1.4-7 
The unknown vector X is composed of the subvectors 
- 
'kl j 1.4-8 
The observable coefficient matrix B is composed of 
the submatrices 
30 
1.4-8 
Where, according to Equations 1.2-10 and 
1.2-11, 
1 0 
0 -1 :j x 
0 0 -1 
* B is numerically evaluated without the 
kj 
last 3 x 3 matrix (next page), 
31 
1.4-10 
L o  0 
The vector of residuals 
subvectors (units of meters) 
V is composed of the 
- 
kl j V 
kj 
6r 
The latter is obtained by combining the . 
last 3 x 3 matrix in Equation 1.4-10 with 
where 66 and 6a are in radians. kj kj 
I 
1.4-11 
1.4-12 
The constant term W is composed of the subvectors 
32 
1 . 4-13 
1.42 Precision Estimating and Weighting 
The estimated precision of the observables involved 
in the mixed mathematical model is depicted by 
O* 
0 rk 
I 
A 
1 
. 1.4-14 
The associated weight matrix is 
and according to the proof given by Equations 1.2-16 
to 1.2-19, 
* No distinction in notation will be made 
between a "null matrix" and "zero elements. 
- 2 - 
'kl j 
0 1 I -  
I 
I 2 
1 rl 
(2 
1 - 0 0 
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1.4-16 
where 0: is the usual apriori variance of unit weight 
(unitless). s 
With the adoption of units of meters for the 
residuals (Equation 1.4-11) it follows that P must have 
units of the reciprocal of meters squared. This being 
the case, all variances and covariances must have units 
of meters squared. 
a and 6 are converted into linear units as a function 
of the topocentric range (p. 16) 
The variances and 'covariance for 
34 
1.5 Terrestrial Spatial Distances 
A terrestrial spatial distance is considered to be 
the straight line distance between two points located 
on the surface of the earth. No consideration is given 
to distances on the surface of ellipsoids and the like. 
Two feasible methods of obtaining terrestrial 
spatial distances are: 
(1) Direct measurement by electromagnetic distance 
measuring devices like the Tellurometer or 
Geodimeter [Saastamoinen (editor) , 1967 1. 
( 2 )  Electromagnetic distance measurement in 
combination with astronomic positions and 
vertical angle measurements (spatial traverse). 
The first approach is rather standard, while the latter 
is somewhat modern, and is given within the context of the 
mathematical model developed in Section 1.7. 
Once determined, terrestrial spatial distances 
serve in scaling a satellite triangulation system and/or 
simply as additional data that can be added sequentially 
to self-contained systems like satellite triangulation 
or trilateration. 
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1.51 Formulation of Mathematical Mode1 
The unknowns are the three-dimensional Cartesian 
coordinates uk, vk, wk, ul, vl, and w1 of the two 
particular ground stations k and 1, while the observable 
is the corresponding terrestrial spatial distance dkl. 
The mathematical model is 
= [(U -u )2 + (v1-Vk)p + (wl -W ) 2 %  ] -dkl= 0 . 1.5-1 
Fkl 1 k  
The above equation is linearized as usual by a Taylor 
series expansion about the preliminary values of the 
Cartesian coordinates and the observed value of the 
spatial distance. The result for several pairs of 
ground stations is 
A X - V + W = O  1.5-2 
The parameter coefficient matrix A is composed 
of the subvectors 
-- aFkl aFkl 
avl awl 
Akl 
vl-vk w1 k 
' d:l o-wo 1 0 0  0 0  0 0  0 0  0 0  U1--Uk vl-vl W1-wkl ul-uk --- -- d:l 
1.5-4 
I 
= [ Tkl ' I -Tkl 
The unknown vector X is composed of the 
subvectors 
36 
1.5-5 
1.5-6 
The residual vector V is composed of the individual 
residuals vkl (units of meters) which correspond to each 
observed terrestrial spatial distance dkl. 
The constant column W is made up of the individual 
differences dil - dil which represents the discrepency 
between the value of the distance computed from the 
preliminary values of the ground coordinates and its 
corresponding observed value. 
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The weight applied to the particular distance is 
1.5-7 
where 0: is the usual apriori variance of unit weight 
(unitless) and ;i is the estimated variance af dkl in 
units of meters squared. 
The weight matrix P corresponding to Equation 1.5-7 
is a diagonal matrix composed of the individual weights 
'kl' 
1.6 Absolute Terrestrial Directions as Obtained 
from Satellite Observations 
Absolute terrestrial directions between pairs of 
* 
ground stations have been determined in the past by 
means of simultaneous direction observations of 
artificial earth satellites. The results are expressed 
rather naturally in terms of direction cosines or 
direction numbers along with their corresponding 
variance-covariance matrix. 
These results are useful in orientating a satellite 
trilateration network or simply as additional observa- 
tional data to be sequentially added to the self- conEained 
systems of satellite triangulation and/or trilateration. 
* Usually not intervisible. 
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1.61 Formulation of Mathematical Model 
The parameters or unknowns are considered to be 
the three-dimensional Cartesian coordinates of the 
ground stations referred to as the terrestrial or 
geodetic coordinate systems (Figure 1.2-l), while the 
observables are the direction numbers of the terrestrial 
spatial line joining the two ground stations (Figure 1.6-1). 
First, consider the mathematical model as written 
in terms of 'direction cosines (e.g. cosa) , namely 
 COS^ - U1-Uk = 0 , 
= o ,  vl'vk 
dkl 
cos6 - 
= o ,  W1-Wk 
dkl 
cosy - 
1.6-1 
1.6-2 
1.6-3 
1.6-4 
39 For derivational purposes, assume the geodetic 
coordinate system (u,v,w) is in coincidence with 
the terrestrial system. 
/ 
GREENWICH 
MEAN 
M E R I D I A N  
u' 
CENTRE 0 
GRAVIT 
w 
AVERAGE 
TERRESTRIAL 
POLE 
FIGURE 1.6-1. D IRECTION NUMBERS, COSINES, ANGLES IN 
THE TERRESTRIAL COORDINATE SYSTEM. 
4 0  
Before linearizing the mathematical model, the one 
* 
dependent expression from Equations 1.6-1 to 1.6-3 is 
eliminated by solving for dkl in Equation 1.6-3 and sub- 
stituting into the other two equations. As a result, 
the following two independent expressions constitute the 
mathematical model: 
cos Y U1-Uk 
W1-Wk 
cosa - 
cos y V1-Vk 
W1-Wk 
cos6 - 
= o  
= o  
1.6-5 
1.6-6 
In order to have the mathematical model in terms of 
direction numbers, the two expressions above are multi- 
plied through by dkl. 
numbers by 
Then by defining the direction 
** 
* The inclusion of dependent expressions may cause 
the coefficient matrix of the least square normal 
equations to be singular. 
** Direction numbers defined in this fashion have 
a magnitude comparable to the Cartesian coordi- 
nates. In addition their unit of meters makes 
possible better appreciation of these quantities 
especially when analysing say a list of 
variances or standard deviations. 
4 1’ 
= dkl cosa , Jkl 
= dkl cos6 I Kkl 
= dkl COSY I Lkl 
the final expressions are 
. U1-Uk 
= o ,  Lkl F1 = - Jkl wl-wk 
F2 = - vl’vk = 0 .  Lkl Kkl wl-wk 
1.6-7 
1.6-8 
1.6-9 
1.6-10 
1.6-11 
The above mathematical model is linearized as 
usual by means of a Taylor series expansion where the 
point of expansion is the observed values of the 
direction numbers and the preliminary values of the 
Cartesian coordinates of the ground stations. The 
result corresponding to several pairs of ground 
stations is 
A X + B V + W = O .  1.6312 
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Thepbrameter coefficient matrix A is composed of 
- 
the submatrices 
n- 
- 
L 
av, awl I 
A k l  - I  
av, -aw, I 
1 b 
W;-Wk o L k l ;  0 I 
1 . 6 - 1 3  
b I 
L k l ,  
1 b v;-v; b 
o 0 2  L k l  
(wl"wk) 
; -  o L k l ;  0 
W;-Wk 
0 0  
1 b . -  U1-Uk b 
o 0 2  L k l  0 (wl-wk) w;-Wk o L k l ;  
1 A. 6-14 
where the superscripts "b" and "0" designate observed 
and preliminary values, respectively. 
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1 
0 
- 
The unknown vector X is composed of the 
subvectors 
'kl 
= 1-1: 1.6-15 
being corrections in meters to the preliminary Cartesian 
coordinates of the ground stations between which the 
terrestrial direction prevails. 
The observable coefficient matrix B is composed of 
the 2 x 3 submatrices 
aF2 aF;! aF2 
- 
' 1.6-16 
The vector of residuals (units of meters) V is 
composed of the 3 x 1 subvectors 
vJ 
'kl= [ =j 1.6-17 
4 4  
4 0 0  u -u b - l k b  
Jkl o o Lkl 
wl-wk 
V1-Vk b 
0 0  
o o Lkl 
. wl”wk 
The constant vector (units of meters) W is composed 
of the 2 x 1 subvectors 
- wk 1 1.6-18 
1.62 Precision Estimation and Weighting 
Weighting of an absolute terrestrial direction 
is made via the precision estimates of the direction 
numbers (Equations 1.6-10 and 1.6-11) used to describe 
the particular direction. The estimated variance- 
covariance matrix resulting from a previous least 
squares adjustment for the direction numbers Jkl, Kklf 
and Lkl is 
A 
J,K,L = c 
A h 
‘JK G 2  J 
A 
“i 
I 
A 
“JL 
“KL 
A 
A ‘: 
I 1.6-19 
where a l l  the variances and covariances are stipulated 
to have units of meters squared. By means of the baskc 
relationship between variances and weights, the weight 
matrix associated with one particular terrestrial 
direction is 
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where a t  is the one and only apriori variance of unit 
weight (unitless) used throughout the entire adjustment. 
The units of Pkl are necessarily the reciprocal of 
meters squared. 
1.63 Transformations Between Different 
Sets of Direction Numbers 
Direction numbers of a Line are not unique, thus 
in practice, it is inevitable that transformations 
between different sets of these direction numbers will 
have to be made. In the discussion to follow, the trans- 
formation between any two sets of direction numbers will 
be given; Immediately following this general case, the 
transformation between the direction numbers of a 
particular agency and those defined by Equations 1.6-7 to 
1.6-9 is given. 
To begin, let 11, ml, nl and 12, m2, n2 
be any two sets of direction numbers of a particular 
line; then the three direction cosines are uniquely 
determined from 
46 
1.6-21 
1.6-22 
1.6-23 
where 
1.6-24 
2 2 2 2 
q2 = l2 + m2 + n2 1.6-24a 
It is clear that the transformation from set number two 
to number one is achieved by 
ql 
q2 
ml = - m2 I 
where the ratio 91/92 is termed the "constant of 
proportionality . 'I 
1.6-25 
1.6-26 
1.6-27 
The associated variance-covariance matrix is 
determined as follows: 
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1 . 6 - 2 8  
For example, direction numbers as defined in 
[Mancini and Gambino, 1 9 6 5 ,  p 31 are transformed as 
follows: 
ql 
q2 
1 - -  I J k l  
where A and B are in natural units, 
1 . 6 - 3 1  
1 .6 -32  
1 . 6 - 3 3  
has units of meters, 
q2 = (12 + A2 + B 2 %  ) 1.6-35 
has natural units, therefore the 
units, and necessarily Jkl, 
units of meters. 
K k l  
ratio has meters as 
L k l  have the prescribed 
The corresponding variance-covariance matrix 
according to Equation 1.6-30, is 
1.6-36 
where the units of meters squared are derived solely from 
the units of ql (meters). 
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-. L 
J k l  
K k l  
L k l  - 
1.64 Propagation of Variances from Direction 
Cosines into Direction Numbers 
Previous absolute terrestrial direction results 
are sometimes given in terms of direction cosines 
[Veis, 1963a, p 121. In order to use these results 
in the form of direction numbers(Equations 1.6-10 and 
1.6-ll), they must be transformed along with the 
corresponding variance-covariance matrix. 
The relationship between direction numbers and 
direction cosines was given by Equations 1.6-7 to 
1.6-9; the same expressions in matrix form are 
and 
cos a 
cos 6 
cos y 
Jkl 
K k l  
Lkl 
1.6-37 
1.6-38 
A 
- 2 c  
d k l  cosa ' 
cos@ 
cosy 
SO 
1.6-39 
1.6-40 
where the units are determined solely from the units of 
d k l  (meters). 
1.7 Absolute Terrestrial Vectors as Obtained 
from Terrestrial Observations 
F. 
c 
-sin@ cosA 
-sin@ sinA 
cos@ 
Absolute terrestrial vectors between pairs of 
intervisible ground stations are defined in terms 
of direct vertical angle (v) observations, astro- 
nomic azimuth (A) determinations and terrestrial 
spatial distances. These two angular componenks 
define a vector in space which is referred toalocal 
astronomic coordinate system (Figure 1.7-1) . %he 
origin of this coordinate system is located at the 
observation point k; its three coordinate axes ~'(1) I 
v', w'(3) are defined, respectively, in terms of the 
following three unit vectors [Heiskanen and Moritz, 
1967, p 219; Rapp, 1967, p 21:  
* 
1.7-1 
1.7-2 
5 1  
* Presently, satellite networks do not permit ground 
station to ground station intervisibility, howevepa 
in the near future it is plausible that the location 
of networks will be displaced from their original 
locations in order to obtain a r coverage of 
control points thereby allowing ct vertical 
angle and astronomic azimuth observations between 
pairs of ground stations, 
TERRESTRIAL 
GREENWICH 
MERIDIAN S T  RON OM I C 
( I  ) , ( 2 ) , ( 3 )  DENOTE PRIMARY, SECONOARY 
AND TERTIARY AXES IN' A RIGHT HANDED 
SYSTEM.  
FIGURE 1.7-1. ABSOLUTE TERRESTRIAL VECTOR IN A 
LOCAL ASTRONOMIC COORDINATE SYSTEM.  
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1.7-3 
cos@ cosA 
cos@ sinA [ sin@ ] 
The astronomic latitude @ and longitude A define the 
angular relationship between the local astronomic 
coordinate system and the average terrestrial or geo- 
detic coordinate system. 
These absolute terrestrial vectors are useful in 
orientating modern three-dimensional triangulation systems, 
or for that matter, classical triangulation systems, and 
to a lesser extent satellite trilateration systems. (The 
practical usefulness of the latter is in question.) On 
the other hand, these terrestrial vectors may be regarded 
as additional information and added sequentially to the 
self-contained systems of satellite triangulation or 
trilateration. 
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1.71 Formulation of Mathematical Model 
In formulating the mathematical model in its most 
general form, the parameters or unknowns are uk, V k f  
wkf uIf vl, and w1 while the observables are vklf Akl, 
dklf Qk, and hk. The result is (Figure 1.7-1) 
-+ -P - = x1 - 2, - Xkl = o ,  Fkl 
where 
and 
+ -  
x1 - 
1.7-4 
1.7-5 
1.7-6 
dkl C0SVkl cosAkl 
X I dkl C0SVkl sinAkl 
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1.7-7 
kl sinv I d k l  
I, J 
* 
is the ground station k to 1 vector referred to the 
average terrestrial coordinate system. The above vector 
is obtained by rotating the vector in the local astronomic 
coordinate system into the average terrestrial coordinate 
system by first multiplying by the permutation matrix 
and then by rotations through (Pk and Ak.  
The mathematical model (Equation 1.7-4) is linear- 
ized by a Taylor series expansion about the preliminary 
values (superscript "o") of the Cartesian coordinates and 
the observed values (superscript "b") of vkl, Akl, dkl, 
(Pk ,  and Ak.  
stations, the result is 
After considering several pairs of ground 
AX + BV + W = 0 1.7-8 
The parameter coefficient matrix A is composed of 
the submatrices 
* The astronomic quantities 0, A, A must be corrected 
for polar motion by formulae like those in 
[Heiskanen and Moritz, 1967, p 189; Mueller, in 
press]. 
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%l 
1 0 0  
0 1 0  
= [  0 ' 0  1 
I - -  - 
a Uk 
I -1 0 0' 
1 0 - 1 0  
I o  0 - 1  
= [ I !  -I] . 
1.7-10 
The unknown vector X is composed of subvectors 
1.7-11 
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being corrections in meters to the preliminary values 
of the two ground station coordinates. 
The observable coefficient matrix B is composed of 
the submatrices 
where 
aVkl 
3F2 
aAkl 
a~~ 
adkl 
3F2 
avkl 
aF 3 
aAkl 
3F3 * 
adkl 
aF 3 
aVkl aAkl adkl 
I 1.7-12 
aF I b b b b b 
avkl 
- -  - dkl (-sinGk cosAk sinvkl cosAkl - 
b b b b b - sinA: sinv kl sinAkl - cosOk cosAk cosvkl) 
1.7-13 
b b b b 
k 
3F2 
aVkl 
kl - -  - dEl (-sin@ sinAk sinv cosAkl + 
+ cosAE sinvb k sinAF1 - cos@b k sinAb k cosvEl) 
1.7-14 
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aF b b b b 
aAkl 
- -  - dEl (-sinOk cosAk cosvkl sinAkl + 
+ sinAk b cosvkl b cosAkl) b 1.7-15 
- -  - dkl b (-sin@: sinAk b COS~~,. b b -  w2 
aAkl 
- COShk b COSVkl b cosAkl) b 1.7-16 
b b b b aF - -  - dkl C O S @ ~  cosvkl 
aAkl 
1.7-17 
b b b b b I; b sin@k cosAk cosvkl cosAkl + sin$, cosvkl sinAkl - 
- cos+ coshk sinv 
aF - = 
adkl 
b b 1.7-18 kl 
b b b b b b b 
k 
a~~ - = sin@ sinAk cosvkl cosAkl - cosAk cosvkl sinAkl - 
adkl 
- cosOk b sinAk b sinvkl b 1.7-19 
1.7-23 b b 
K1 kl k 
aF3 - = -cosak cosvP C O S A ~  -- einQb sinv 
adkl 
kl 
59 
- =  dkl b (cosQk b cosAk b cowkl b cos%l b + sin@ b cosA b sinvkl) b 
a @k 
1 
k k 
1.7-21 
b b b b aF 2 
"k 
b sinAk comb cosAkl + sinQk sinAk sinvkl) k l  - -  - d k l  
1.7-22 
b 3 - =  dkl (sin$ cosvkl cosAil - cospIk sinvb ) 
'@k 
1.7-23 k l  
+ COSA: cosv:l b + cos@: sinh: sinvb k l  
1.7-24 
+ sinAk b cosvkl b sinAkl b - b cosAk b sinvkl) b 
1.7-25 
1.7-26 
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The coefficient matrix B is modified and made unitless by 
factoring out ( M , N ,  and N being the meridianal, prime vertical 
radii of curvatuge and ellipsoidal height, respectively) 
0 
0 
0 0 
0 0 
0 0 1 0 0 
0 0 0 M + H  0 
0 0 0 b 0 ( N +  H) cos% 
- 
from each Bkl; thus Equations 1.7-13 to 1.7-25 change 
accordingly. 
The vector of residuals V is composed of the 
subvectors (units of meters) 
- 
vkl 
which was obtained by 
1.7-28 
multiplying Equation 1.7-27 into 
61 
1.7-29 
All differential angles are in radians. The cosine functions 
along with d and R + H (radius of the earth plus ellipsoidal 
height) serve as factors to make the particular residuals 
compatible with the residuals of all other quantities. 
The constant vector W of the linearized mathematical 
model is made up of the subvectors (units of meters) 
-to -to +b = XI - Xk - Xkl 'k 1 
b b - R3 ( 1 8 0 - A k ) R 2  (90-Qk) 
b kl cosgl ld" cosv 
b sinAkl b C0SVkl 
~~ sinvkl b 
1 0 0  
0 -1 0 
0 0 1  
1.7-30 
1.7-31 
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The mathematical model presented in this section 
displays directional (vkl and Akl) scale (dkl), and 
positional(@ ,A ) characteristics. Some possible varia- k- k 
tiohs to 
1. 
2. 
3 .  
this mathematical model are the following: 
A model possessing directional and 
positional characteristics is achieved by 
specifying a large variance for dkl (see 
Section 1.22 for analogous proof). 
A model possessing directional and scale 
characteristics is achieved by considering 
the observed values of Qk and Ak as the 
exact direction of the vertical at ground 
station k; more specifically, delete the 
last two rows of partial derivatives in 
Bkl (Equation 1.7-12) . 
variances and covariances of Qk and Ak are 
taken as zero. 
Also, the associated 
A model possessing a directional characteris- 
tic only is achieved by deleting all partial 
derivatives with the exception of those 
pertaining to vkland Akl. 
4 .  A mathematical model possessing a 
directional characteristic in one 
direction only is achieved by stipulating 
a large variance of vkl (large relative 
to 5A and 5;). 
n 
2 
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1.72 Precision Estimation and Weighting 
The estimated precision of the observables involved 
in determining absolute terrestrial vectors from 
terrestrial observations is depicted by 
0 
n 
AA I n  U U 2  I 0 
n 
‘A@ A 0 
0 I 5: I 0 0 0 . 1.7-32 
Covariance between vkl and the astronomic quantities would 
exist if the same instrument (containing systematic errors) 
was used. It is assumed that systematic errors are 
removed by observing techniques‘or by corrections, thus only the 
covariance between the astronomic quantities are included 
in case @, A, and A are obtained simultaneously from epe 
least square adjustment of star observations. 
The weight matrix associated with the observed 
terrestrial vector is 
64 
I 1.7-33 
where, as usual, 0; is the apriori variance of unit 
weight. 
Vertical angle and astronomic azimuth variances are 
usually given in units of arc seconds squared. The 
corresponding variances in units of meters squared are 
obtained as follows: 
1.7-34 
A I1 
A 
O2 = (dkl - 1.7-35 A 
P 
where dkl is the terrestrial spatial distance between 
the two ground stations; and 
p = (360) (60) (60) 0 1.7-36 2n 
Astronomic latitude and longitude variances are 
converted from units of arc seconds squared into meters 
squared as follows: 
A I 1  
I 1.7-fi 
a@ A 
= ((M+ H I T  l 2  
P 
A 11 
1.7-38 O A  
A 
= ((N + H ) T  , 
P 
G 
.65 
or for example, the covariances 
h 
= ( M  + H):d cosvkl %A 
A ( I 1  ) 2  
aAA = ( N  t H>d cos"Pk cosvkl qhA 
( P 1 ' I 2  
1.73 Alternative for Non-Intervisible 
Ground Stations 
The vector Xkl (Equation 1.7-7) between two non- 
intervisible ground stations k and 1 (referred to the 
terrestrial coordinate system) is obtained by direct 
summation of several intermediate vectors X (Figure 
1.7-2), namely 
-f 
3 
n-+ 1 
-f xgl = c x I 
1 
1.7-40 
where n designates the number of intermediate ground 
stations. For example, the intermediate vector between 
ground stations 1 and 2 can be written with the aidG'of 
* Suggested name is "astro-azimuthal traverse." 
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FIGURE 1.7-2. VECTORS TO GROUND STATIONS, AND INTER- 
MEDIATE TERRESTRfAL VECTORS. 
67 
Equation 1.7-7 as 
X12 = R3 (180°-Al)R2 (90°-@1) 
cosA12 -1 p12 C0SVl2 
C0SVl2 sinAla I 1.7-41 
Pl2 sinv 12 1 
with the corresponding variance-covariance matrix of its 
direction numbers 
A A 
I 1.7-42 
where the matrix G is a set of partial derivatives arising 
from differentiating Equation 1.7-41 with respect to the 
observables. The variance-covariance matrix represents 
the estimated precision in the vector located at point 1 
and referred to the local astronomic coordinate system 
at that point. 
The variance-covariance matrix depicting the 
estimated precision of the direction numbers of tRe 
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-+ deduced vector Xkl, assuming that the intermediate 
vectors are statistically independent, is 
1.7-42 
-+ If Xkl is to have positional,scale, and directional 
characteristics, then errors in vkl, Akl, dkl, Qk, and 
Ak must be considered. 
directional characteristics are of interest, the errors 
in Gk and Ak are of a second order magnitude* and may 
be reglected. 
However, if only scale and 
-t When the vector Xkl is obtained as per Equation 
1.7-40, the mathematical model expressed by Equation 
1.7-4 takes the form expressed by Equations 1.6-10 and 
1.6-11. The corresponding weight matrix for the three 
direction numbers is expressed by'Equation 1.6-20. 
1.8 Absolute Terrestrial Directions in the 
Local Geodetic Coordinate System 
Absolute terrestrial directions between pairs of ground 
stations can also be defined in terms of altitude (a) and 
* Q, and A involved only in the two rotation matrices 
(Equation 1.7-41) . 
* 
three dimensional normal section azimuth (a) 
Figure 1.8-1). These two angular components define 
a vector which is referred to the local geodetic 
coordinate system. The origin of this coordinate 
system is located at the first ground station k; its 
three coordinate axes u" (1) , v" (2) , and w" (3) are 
defined, respectively, in terms of the three unit 
vectors [Heiskanen and Moritz, 1967, p 181; Rapp, 
1967, p I]: 
I L cOs$k 
-sinXk 
COSXk 
0 
cos% cos\ I cos% sin\ ~ . 
sin% 
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1.8-1 
1.8-2 
1.8-3 
* This type of normal section azimuth is directed 
toward the terrain surface location of the second 
point rather than to its foot point location on 
the surface of the ellipsoid: the difference f m  
the classical normal section azimuth is simply the 
correction for the "height of target above the 
ellipsoid. 
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FIGURE 1.8-1. ABSOLUTE TERRESTRIAL VECTOR IN A 
LOCAL GEODETIC COORDINATE SYSTEM. 
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The geodetic latitude 0 and longitude h define the 
angular relationship between the local geodetic coordinate 
system and the terrestrial or geodetic coordinate system. 
It is emphasized that these directions must be 
absolute in nature, i.e., their determination should in 
some way be associated with satellite, celestial, or 
astronomic observations. 
It is a question whether the observables akl, 
and dkl should constitute an entirely separate kl' a 
mathematical model from that of Section 1.6, which 
dealt with direction numbers; The reason is that the 
two mathematical models may be derived one from the 
other by means of rotations through the curvilinear 
geodetic coordinates of a particular ground station. 
However, since the concept of absolute terrestrial 
directions in a local geodetic coordinate system is 
closely related to normal section azimuths of conven- 
tional triangulation, the separate model will be 
developed. 
These absolute terrestrial directions are useful 
in orientating a satellite trilateration network or 
simply as additional observational data to be added 
sequentially to main systems such as satellite tri- 
angulation and/or trilateration. 
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1.81 Formulation of Mathematical Model 
The mathematical model is formulated on the basis 
that the parameters or unknowns are the Cartesian 
coordinates of the second point, while the observables 
are the geodetic altitude and azimuth, and spatial 
distance. The result is 
-t -t where X1 and Xk (known) are vectors of the Cartesian 
coordinates of a pair of ground stations (Equations 
1.7-5 and 1.7-6); 
1 
= R3(180-Xk) R2 (90-9,) 1' I 0 3 'kl 
dkl cosakl cosakl 
cosa k l  sincxkl dkl 
dkl sinakl i 
0 
-1 I] 
0 1  
1.8-5 
is the ground station k to 1 vector referred to the geodetic or 
terrestrial coordinate system; the rotation performed 
is analogous to that of Equation 1.7-7, 
( 
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These two rotation matrices are a function of the 
geodetic coordinates ak and Ak thereby showing the 
dependence of the vector on the coordinates of ground 
station k. A s  a result of this dependence, station k 
is considered as known and held fixed in the adjustment. 
The case of considering both ground stations as unknowns 
is handled under the mathematical structure (Section 1.6) 
involving direction numbers (see also Section 1.7). 
The mathematical model (Equation 1.8-4) is linear- 
ized by a Taylor series expansion about the preliminary 
values of the Cartesian coordinates of the second point 
and the observed values of akl, akl, and dkl; the result 
is 
A X + B V + W = O .  1.8-6 
A l l  matrices are analogous to those explained in detail 
in Section 1.71 and the corresponding expressions are: 
1.8,-7 
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i n  meters; 
- 
Bkl  
* 
where 
1 
a a k l  
aF2 
a a k l  
aF3 
a a k l  
- 
- 
a d k l  
aF2 
adkl  
aF 3 
a d k l  
- 
1.8-8 
1.8-9 
b b b aF 1 
aakl  
- -  - dkl (-sin$, coshk s ina  cosakl - 
k l .  
1.8-10 
aF2 b b b 
aakl 
k l  
- -  - dkl (-sin$, sinhk s ina  cosakl + 
+ coshk sinab sinab - cos$k sinXk cosakl) b 
k l  k l  
1 . 8 . 1 1  
b *dkl and cosakl are factored out in an analogous fashion 
to t h a t  of Equation 1 . 7 - 2 7 .  
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dF 3 b b b b 
aak l  
k l  
- -  - dkl ( C O S ~ ~  s i n a  cosakl - s i n @ k  cosakl) 
1.8-12 
aF 1 
- dkl b (-s in#k coshk cosa b sinakl b + k l  - -  aa 
k l  
+ s inhk  cosakl b cosakl) b 
b b b a~ - -  - dkl C O S @ ~  cosa s inak l  k l  
a a k l  
1.8-13 
1.8-14 
1.8-15 
1.8-16 b k l  - coshk s i n a  
b b b b aF2 
adk l  
- -  - ~ i n @ ~  s inhk  cosakl cosAkl - coshk cosakl sinakl - 
r 
1.8-17 b k l  - cos@k s inhk  s i n a  
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1.8-18 b k l  ' - cos$k cosakl cosakl - sin+k sina 
- 
b cosakl 
b 
k l  sina 
- 
in meters; 
k 
k 
Wk 
U 
V 
in meters. 
If the 
b 
d k l  ' akl 
b 
dkl 
b 6aK1 cosakl 
ddkl 
b cosakl 
cosa b k l  
b 
k l  sina 
1.8-19 
1.8-20 
1.8-21 
coordinates of ground station k are not to 
be held fixed in the adjustment, Equation 1.8-21 is used 
to transform the observables akl, akl, and dkl into 
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h - c afafd 
direction numbers which can then be used in the 
D 
A /. 
A A 
h A h 
“da ‘da ‘i - 
mathematical model expressed by Equations 1.6-10 and 
1.6-11. The corresponding variance-covariance matrix 
of the direction numbers is derived in Section 3 f  
and used in Equation 1.6-20 to obtain the corresponding 
weight matrix. 
1.82 Precision Estimation and Weighting 
The estimated precision of the observables 
dkl) kl’ 
(aklf 
involved in defining a terrestrial direction a 
or vector in a local geodetic coordinate system is 
1.8-22 
The weight matrix associated with the terrestrial 
direction is 
I-’ 1.8-23 
where a 2  is the familiar variance of unit weight. 
0 
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In accordance with the chosen units for the 
residuals (Equation 1.8-19), Pkl has units of the 
reciprocal of meters squared; therefore, C 
have units of meters squared. The conversion from 
a,a,d must 
variances and covariances given in arc seconds 
squared is made in the usual fashion, namely 
1.8-24 
A (5 " 
o2 = ( dkl 11 cosa)*  a 
P 
a 
A 2 
1.8-25 
1.8-26 
1.9 Deflection of the Vertical Components 
Deflection of the vertical components 5 (meridianal) 
and 0 (prime vertical) are definable in terms of 
astronomic latitude 9 and longitude A, and geodetic* 
latitude c$ and longitude A (Figure 1.9-1). The explicit 
relations for a particular ground station k are 
[Heiskanen and Moritz, 1967, p 83, Equation 2-1401 
1.9-1 
1.9-2 
*See Section 1.93 for more discussion of these quantities. 
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FIGURE 1.9- 1. DEFLECT1 ON OF T H E  VERTICAL REPRESENTED 
IN A TOPOCENTRIC COORDINATE SYSTEM 
PARALLEL TO THE AVERAGE TERRESTRIAL 
COORDINATE SYSTEM. 
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The astronomic quantities Qk and Ak refer to the 
average terrestrial coordinate system, i.e., they have 
been corrected for polar motion. Further, note that 
astronomic quantities are taken to refer to the geop 
of the terrain point rather than to its corresponding 
point on the geoid. 
The interpretation of geodetic quantities 4k and 
Ak may be relative or absolute, however, they must be 
regarded as being the same type as the deflections; 
and further both Cp, A, 5 ,  and q must be of the same type 
as that of the coordinates of the ground station being 
held fixed in the adjustment. 
Absolute or relative deflection of the vertical 
components in combination with astronomic latitude and 
longitude are useful in furnishing additional information 
on the geodetic coordinates of ground stations; when 
used in conjunction with geoid undulations or height 
anomalies and geopotential numbers (Section 1.10), 
the coordinates of ground stations are completely 
determined. All of the above can be added sequentially 
to a main adjustment like satellite triangulation and/ 
or trilateration, 
See Section 1.93 for the transformation between the 
various types of deflections and those defined above. 
81 
1.91 Formulation of Mathematical Model 
The mathematical model is formulated by considering 
the parameters or unknowns to be the usual three-dimen- 
sional Cartesian coordinates of the ground stations, 
while the two deflection components and astronomic 
latitude and longitude are taken to be the observables. 
From Equations 1.9-1 and 1.9-2, the result is 
* 
1.9-3 
* 
1.9-4 
where the expression for @k is that given in [Heiskanen 
and Moritz, 1967, p 183, Equation 5-6bl; 
N =  a2 1.9-5 
6 
‘a2cos2c)k+ b2 sin$ 
is the prime vertical radius of curvature; Hk is the 
ellipsoidal height . Since the mathematical model is ** 
.* Note the observables (9k and Ak are also contained in 
the mathematical model on absolute terrestria? 
directions (Section 1.7) ; 
** See Section 1.10 for a different mdhematical model 
in which the two components of the ellipsoidal 
height are considered as observables, 
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to be linearized into a differential set of equations, 
N is replaced by the approximate expression [Heiskanen and 
Moritz, 1967, p 2061 
N = a(1 + f sin2 'k) , 1.9-6 
where a-b f = -  a 1.9-7 
is multiplied by the flattening 'k Further, since sin2 
and this in turn is multiplied by e', 4, may be evalua- 
ted by the preliminary value $$ (value before the 
adjustment) or even the astronomic latitude Qk. In 
order that Equation 1.9-3 may be written more compactly, 
let 
1.9-8 
The linearization of the mathematical model 
(Equations 1.9-3 and 1.9-4) is accomplished by a Taylor 
series expansion. The point of expansion is about the 
0 0  0 preliminary values uk, vk, and wk and the observed 
b b b  b values Qk, hk, 5 ,  and nk. After considering several 
ground stations, the result is 
A X + B V + W = O .  1.9-9 
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The units of the above equation are transformed from radians 
into meters by multiplying each pair of sub-equations by 
? 
where Hk is the ellipsoidal height, while M and N are 
the meridional and prime vertical radii of curvature, 
respectively. 
The parameter cobfficient matrix A is composed of 
the submatrices (unitless) 
3Fi 2Fi - -  
auk avk 0 
0 N+Hk 
0 0  
vk Wk (I+Hk) 
K K  
1 2  
2 
1.9-10 
K K  
K 
2 
1 
0 
1.9-11 
84 
where 
+ W E 2  K 2  , 1 9-12 o2 0 2  Uk + Vk K =  1 
O 2  O 2  
1 9-13 K = (Uk + Vk ) p2 2 
The unknown vector X is composed of the subvectors 
(met e r s ) 
1.9-14 
The observable coefficient matrix B is composed 
of the submatrices 
- 
Bk - . 1.9-15 
Further, 
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The vector of residuals V is composed of the sub- 
vectors (meters) 
1.9-17 
The constant vector W is composed of the subvectors 
(meters) 
*cosrjk was factored out for use in making the residual of 
Ak (Equation 1.9-17) compatible with other residuals. 
a6 
1.92 Precision Estimation and Weighting 
The estimated precision of the observed deflections 
and astronomic positions at a particular ground station 
is depicted by 
A 
c 
E r n , Q , A  
I 
I 
I ----- 
I 0;  
I ^  
I 
0 
A 
‘A@ 
I 1.9-20 
where no covariance is considered between deflections 
and astronomic quantities. 
The corresponding weight matrix is 
I 1.9-21 
where o 2  is the apriori variance (unitless) of unit 
weight. 
0 
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Precision estimates of the deflections are usually 
given in units of arc seconds; the conversion to units 
of meters is accomplished as follows: 
A 2 
1.9-22 
1.9-23 
1.9-24 
Conversion of astronomic precision estimates is given 
by Equations 1.7-37 to 1.7-39. 
1.93 Transformation Between Different 
Types of Deflections 
The deflection of the vertical components defined 
in the manner used in the mathematical model (Equations 
1.9-3 and 1.9-4) are related to Helmert's projection. 
The relationship of these deflections to the gravi- 
metric deflections computed by the Vening Meinesz 
formula [Heiskanen and Moritz, 1967, p 113, Equatign 
2-2101 is 
88 
‘Helmert ‘Meinesz + 
- 
+ 6hcosr$ ‘ ‘Helmert ‘Meinesz 
1.9-25 
1.9-26 
where the two correction terms represent the correction 
for the curvature of the true plumb line between the 
geoid and the geop of the terrain point. For a detailed 
discussion of the explicit formulas, see pp 193 to 196 
of the above cited reference. 
The relationship of the Helmert deflections to 
thGse obtained gravimetrically from Molodensky’s formulas 
or Vening Meinesz’s generalized equations [Heiskanen and 
Moritz, 1967, p 313 and 315, Equations 8-76 and 8-80] is 
[Equation 8 - 8 4 ]  
- + f*.# sin2+ , 1.9-27 ‘Helrnert - ‘Molod. 
- 
‘He lme r t - ‘Molod. 
* 
where f is the gravity flattening, i.e., 
I 1.9-28 
1-9-29 
the correction term for 5 represents the amount of 
curvature of the normal plumb line between the ellip- 
soid and the terrain, 
8 9  
In order for the above comparisons to be true, 
the Helmert deflections must be defined such that @k 
and hk in Equations 1.9-1 and 1.9-2 are geocentric 
values. 
Besides using absolute deflections, it may be 
necessary to use relative deflections if the point 
being held fixed in the adjustment has relative 
coordinates. These relative deflections may be inter- 
polated for a particular ground station k between points 
of known relative deflections by methods such as astro- 
nomic Levelling, measurement of zenith distances, 
torsion balance measurements, use of topographic 
isostatic deflections, and finally the method of astro- 
gravimetric levelling. The latter method is preferred 
since the astrogeodetic stations can be as far apart as 
100 to 200 km in areas of flat terrain [Heiskanen and 
Moritz, 1967, p. 2041. 
1.94 Mathematical Model for the Special 
Case of Deflection Differences 
In the case that the deflection differences A 6  and 
A q  are available instead of the deflections themselves, 
the mathematical model corresponding to two terrain 
points k and 1 is (from Equations 1.9-1, 1.9-2, 1.9-3, 
and 1.9-4) 
90 
1.9-30 
1.9-31 
After considering several pairs of ground stations 
and conversion into linear units, the linearized mathe- 
matical model is 
A X + B V + W = O .  1-9-32 
The corresponding submatrices are as 
follows : 
where Ak is defined by Equation 1.9-11; 
(See Equation 1-9-14} : 
Bkl [I -I 1 -I1 1.9-35 
where the 1's are 2x2 identity matrices: 
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- 
'kl - 
where 
and f i n a l l y  
(A& - A1cos$(I b f A l ~ ~ ~ + k  b 0 f Alcos$i) 0 - Xf;'cos$;) (aJ.+H) 
1.9-3 
1.9-36 
The weight matrix corresponding to the observables 
in this case is r h  1 
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where 
h 
1.9-39 
1.10 Geopotential Numbers, Geoid Undulations 
and/or Height Anomalies 
The geopotential number C is ,related to the geoid 
undulation and height anomaly G through the ellipsoidal 
height H (Figure 1.10-1). The explicit relation for  a 
particular ground station k is [Krakiwsky, 1965, pp. 73 
and 118, Equations 4.1-1 and 8.1-1 
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FIGURE 1.10-1. TWO TERRAIN POINTS ILLUSTRATING ORTHO- 
METRIC HEIGHTS AND GEOID UNDULATIONS, 
AND NORMAL HEIGHTS AND HEIGHT ANOMALIES. 
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I 1.10-1 
where 
1.10-2 
represents the integration of height increxents and 
enroute surface gravity between sea level and the 
particular terrain point k; Gk is the mean value of the 
true gravity along the true plumb line between the geoid 
and k; the ratio 
-- 
1.10-3 hErth - 'k (kilogal-meters) - -  - 
(kilogal) Gk 
is called the orthometric height. A proposed method of 
computing Ek for the United State3 is given in 
[Krakiwsky, 19663. 
The alternative expressim to that of Equation i . 3 . G - 1  
which contains the height anomaly is 
I 1.10-4 
where rk is the average of the normal gravity along tEe 
normal plumb line between the ellipsoid and telluroid; 
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The ratio 
'k (kilogal-meters) 
yk 
- -   (kilogal) h;orm  1.10-5 
is called the ncrmel height. 
The interpretatior' cf the ellipsoidal height E 
may be relative cr absolute depending whether E andjcii 
< are relative or absolute. However, the latter must 
be of the s a m e  type as that of the coordinates of the 
ground station being he13 fixed in the adjustment. 
Geopotential numbers, geoid undulations and height 
anomalies are useful ir: furnishing additional information 
on the geodetic coordinztes of ground staticns; when used 
in con2unction with deflection of the vertical components 
(Section 1.9), the coordinates of ground staticns are 
completely detex-mineci. The basic idea is to add the above 
information sequentially tc a m a i n  adjustment like 
satellite triangulatim and/or trilateration. 
1.10.1 Formulation of Mathematical Model 
The mathematical model will be developed f o r  geo- 
potential nlinkers aid geoid undulations; the sane model 
can be used for hei9ht armxalies simply by replacing 
by 5 and by 7. Iri practical computations, G was - 
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proposed abcve to be cc.rnFuted identically as 7,  so in 
this case only the first of the t w o  substitutions is 
necessary. 
The mathematical model is formulated by considering 
and h as the observables and the Cartesian coordinates 
as the parameters. From Equatior, 1.3.0-i , the  result is 
where the expression for the ellipsoidal height E$ is 
that given in [Vincenty, 1966, p 2619, Equation 2cl. 
The explicit expression for the radius of curvature in 
the prime vertical plane is (Equation 1.9-6) 
N 2 a ( l  + f sin2$k) 1.10-7 
and after considering the expression for $k used in 
Equation 1.9-3, 
I C ) )  , i.10-8 -1  Wk N = a{1 + f sin2(tan 
(Uk2+Vk + 
where IC is defined by Equation 1.9-8. 
Linearization of the mathematical model (Equation 
1.10-6) is accomplished by a Taylor series expansion 
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about the approximate values u:, v:, wok and the observed 
4 3  b values Nk and hk. 
stations, the result is 
After considering several ground 
A X + B V + W = O .  1.10-9 
Tile parameter coefficient matrix A (unitless) is 
composed of the submatrices 
r 1 
1.10-10 aF - aF Ak = 1 avk 
where 
aF uk 0 1 w 0 K KsinOk 0 2afwkKsinOk 0 0 cos$k 0
- ) # 1.10-11 - -  - -(- + k 2  
K 
OK 1 
auk K K COS2 
2 r 
w 0 K KsinOk O 2afwkKsinOk 0 0 C0SOk 0
k 2  - ) , 1.10-12 
aF v; 1 
- e  -(- + 
K 2 0  avk K cos+; K COS Ok 
2 1 1 
aF - K ~  WkK2 K sinOk O ~afw~Ksin4~ 0 0 cos+k 0
K COS2 0; K awk wk 1 1 
0 
- 
-( ) I  
- =  
0 
. a  -- 
and where I C ~  and K~ are defined by Equations 1.9-12 
and 1.9-13, respectively. 
1.10-13 
The unknown vector X is composed of the subvectors 
(units of meters) 
The observable coefficient matrix B is composed of the 
submatrices 
= [  1 ’ I 1 1  1.10-16 
The vector of residuals V is composed of the sub- 
vectors (units of meters) 
6 3k 
1.10-17 
vk = [6hJ . 
The constant vector W is composed of the 
individual elements 
(u;2+v;2) + a2 + I *  -b b Wk = [Nk + hk - cos$; ‘a2cos 2 0  cPk+b2sin 2 0  $k 
1.10-18 
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1.10.2 Precision Estimation and Weighting 
The estimated precision of the observables is 
depicted by the variance-covariance matrix 
where the covariance may not be zero since in practice, 
the same gravity values may be used in determining both 
quantities. 
The associated weight matrix is 
1.10-20 
where a i  is the unitless apriori variance of unit 
weight. 
The conversion of geopotential numbers into linear 
quantities, namely orthometric or normal heights was 
previously discussed. The conversion of variances’from 
geopotential units into linear units is accomplished 
as follows: 
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r 1.10-21 
A 
where 0; is the variance in kilogal-meter squared 
units, 
1.10.3 Mathematical Model for the Special Case of 
Undulation and Geopotential Number Differences 
In the case that the undulation difference A m  and 
the Geopotential number difference AC are available 
instead of the undulation and geopotential numbers them- 
selves, the mathematical model corresponding to two 
terrain points k and 1 is (from Equation 1.10-6) 
(uf+vl) 2 %  
- 
(1) F = AEkl + Ahkl - + N  
1.10-22 
After considering several pairs of ground stations, 
the linearized mathematical model is 
A X + B V + W = O .  1.10-23 
The parameter coefficient matrix is composed of 
the vectors 
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I 
aF aF aF ; aF aF aF , 1.10-24 = [ -  - - - - -  
Akl au, av, aw, I  auk- avk awk 
where the partial derivatives are analogous to those in 
Equations 1.10-11 to 1.10-13. 
The unknown vector X is composed of the subvectors 
containing the corrections to the Cartesian coordinates 
of pairs of ground stations k and 1. 
The observable coefficient matrix B and residual 
vector V are identical to Equations 1.10-15 and 1.10-17, 
respectively. The interpretation is this case is a 
height difference rather than the height itself. 
The constant vector W is composed of the individual 
elements obtained by evaluating the mathematical model 
(Equation 1.10-22) at the observed values of the undulation 
-b b difference ANkl and height difference Ahkl, while all 
other quantities are evaluated at the pre1,iminary 
values of the ground station coordinates. 
-b b The weight matrix for ANkl and Ahkl is given by 
Equation 1.10-20, with the variances and covariance 
now corresponding to differences in height. 
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1.11 Ground Station Coordinates and Datum 
Shifts As Observables 
In the foregoing mathematical models, the three- 
dimensional Cartesian coordinates of ground stations 
and/or satellite positions are considered as the un- 
knowns or parameters. This implies that nothing is 
known about the coordinates, thus allowing them to 
receive a full correction from the adjustment. In 
reality, the coordinates of the ground stations are 
known beforehand within some degree of precision. A 
precision estimate is commonly available from triangu- 
lation and/or levelling net adjustments or even an 
earlier satellite adjustment. The estimated precision 
is depicted by the following variance-covariance matrix 
(units of meters squared): 
A - c 
UIV?W 
' A  A 
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This knowledge is used by the adjustment in the 
form of a weight matrix, namely 
a i  (unitless) is the usual apriori variance of unit 
weight. These weights are added sequentially to the 
adjustment once the initial solution has been performed 
possibly without weighting the ground stations (see 
Section 2 ) .  
The estimated precision may be given in terms of 
the geodetic coordinates, namely, 
,,:€I 1 ; 1.11-3 
h h A 
where a i ,  a i ,  
the geodetic latitude and longitude in units of arc- 
seconds squared, while a i  is the variance of the 
ellipsoidal height in meters squared; the covariances 
of the ellipsoidal height with the curvilinear 
coordinates are represented by (J 
OH 
units of meters times arc-seconds. 
are the variances and covariance of 
A 
A A 
and aAH,  and ha&” 
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The transformation of the above variance-covariance 
matrix into Cartesian quantities is achieved by the 
following matrix equation: 
A A 1 
where 
G =  
-sin@ cosh 
-sin@ sinh 
cos@ 
1 11-4 
cos$ cosh cos@ sinh 
0 sin@ 
-cos$ sin1 cos@ cosh 
1.11-5 
h 
are replaced by their 
@ , A , H  
and where the elements of C 
corresponding linear quantities 
I 1.11-6 
1.11-7 
1 11-8 
(meters * arc sec). (N+H) 
P 
A 
‘HA c T =  AH 
1.11-10 
The following general statements are of importance 
when weighting ground stations: 
All variances and covariances must be 
relative to the same point whose position 
is regarded as errorless. This point 
usually is the datum origin of the triangu- 
lation system. 
Conversion of precision estimates into 
linear units is necessary for determining 
weights relative to the (other) observables. 
Ground stations located on datums different 
from that of the point being held fixed in 
the adjustment, should not be weighted with- 
out taking into account the systematic 
shift between the two datums. 
When weighting a ground station (point 1 in Figure 
1.11-1) on the same geodetic datum as that of the ground 
station being held fixed in the adjustment, (1) above 
applies and the weight is computed as per Equation 
1.11-2. On the other hand, if the ground station (point 
2 in Figure 1.11-1) is on a different datum, the 
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W 
A- GROUNb 
A -  GROUNb 
U 
DATUM ORIGIN- 0 
(POINT HELD FIXED 
IN THE ADJUSTMENT) 
“0 
/ - V  
/ 
STATIONS ON DATUM 0 
STATIONS ON DATUM 0’ 
FIGURE 1.11-1. VECTORS TO GROUND STATIONS ON TWO 
DIFFERENT GEODETIC DATUMS. 
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+ - I -  -
xoo 
weighting procedure is handled differently as 
follows. 
V 
0 
-- uo I 
Assume that the three datum shift components 
(Figure 1.11-1) 
1.11-11 
are gvailable for a particular datum,relative to the 
datum of the fixed point,from a previous independent 
analysis. In addition, their corresponding precision 
estimate Cu is given. The Cartesian coordinates 
of ground station 2 relative to datum 0 is 
A 
o'vo'wo 
+- +- 
x 0 2  = xoo' + got2 1.11-12 
and the corresponding variance-covariance matrix 
E+- = c  + I+- 1.11-13 xo 2 uo rvo two XO12 , 
where the latter variance-covariance depicts the 
precision relative to datum origin - 0 . The weight 
to be applied is 
I 
p2 1.11-14 
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8 
w h i l e  t h e  weight fo r  t h e  datum o r i g i n  - 0 
i s  
p o i n t  
1 . 11-15 Po) = [ "".:."j-' 0 
I n  t h e  case t h a t  the  three datum s h i f t  components have 
large va r i ances  r e l a t i v e  t o  t h e  o t h e r  observables ,  they  
are better considered as unknown parameters i n  t he  ad jus t -  
ment. Thus, Equation 1.11-12 is  now w r i t t e n  a s  a mathe- 
matical model for a p a r t i c u l a r  ground s t a t i o n  k, namely 
where t he  f i r s t  term is t h e  unknown Car tes ian  coord ina tes  
of a p o i n t  on a d i f f e r e n t  datum r e f e r r i n g  t o  t h e  datum of 
t h e  adjustment;  t h e  second term is t h e  unknown datum s h i f t  
components: t h e  t h i r d  term is  t h e  Car tes ian  coord ina tes  
of a p o i n t  on a d i f f e r e n t  datum r e f e r r i n g  t o  t h e  o r i g i n  
of t h a t  datum and is  considered a s  an observable. A f t e r  
l i n e a r i z a t i o n  of Equation 1.11-16 and cons ider ing  s e v e r a l  
p o i n t s  on a d i f f e r e n t  datum, t h e  r e s u l t  is 
A X + B V + W  0 .  1.11-17 
The parameter c o e f f i c i e n t  mat r ix  A i s  composed of t h e  
submatr ices  
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6uk 
6vk 
k 6W - 
1 
I* =[-I ; I I 
1.11-18 
1.11-19 
The unknown vector X is composed of the subvectors 
X00'2 1 . 11-20 
The observable coefficient matrix B is composed of 
1.11-21 
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The vector of  res iduals  V is composed of the subvector 
1.11-22 
The constant vector W i s  composed of  the subvectors 
-* 
The weight matrix for the observable vector Xo+k is  
given by Equation 1.11-2.  
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1.12 Summary of Sectional 
The two main aspects of the foregoing which need to 
be summarized are: 
(1) the mathematical models, their observables, 
and the coordinate systems involved, 
(2) weighting the various types of ohservables. 
The nine mathematical models developed are listed 
in Table 1.12-1. Also included are the observables in- 
volved along with their corresponding coordinate systems. 
For the purposes of weighting, the variances and 
covariances of all the observables are transformed such 
that they are compatible with one another (Table 1.12-2). 
This is achieved by reducing each precision estimate to 
a displacement or an uncertainty (expressed in meters 
squared) on or near the surface of the earth. For example, 
the variance of a topocentric right ascension is taken 
to originate at the satellite position and its correspond- 
ing linear displacement is computed on the surface of the 
earth as a function of the approximate topocentric range 
to the satellite. Another example is the conversion of 
the variance of an astronomic azimuth into a linear dis- 
placement perpendicular to the line joining two points at 
some terrestrial spatial distance away. Still another ex- 
ample is the conversion of the variance of a geopotential 
number into linear units by dividing by the normal gravity; 
h h 
m -=P 
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t h i s  results i n  an uncertainty i n  the height component 
a t  or near the  surface of the  earth. 
11. SEQUENTIAL LEAST SQUARES ADJUSTMENT 
Before the specific problems of the sequential 
least squares adjustment of satellite triangulation and 
trilateration is solved, the solution will be given in 
general terms. 
2.1 Sequential Least Squares Adjustment 
in General 
2.11 Statement of Problem 
The main problem is to find the effect that addition- 
al observables have on an original adjustment. Also, 
the influence of constraints on the adjustment is readily 
determined since they are simply special cases of the 
main problem. The key to effectuating constraints is 
the manipulation of weights. 
The formulation of the solution to the problem has as 
a basis, the following two stipulations: 
(1) Three sets of unknown parameters X1, X2? and X3 
117 
118 
are related to two independent sets of observables L1 and 
La, namely 
P1 (L?, x?, x;) = 0 , 2 1-1 
2 , 1-2 
The superscript "a" designates adjusted values, 
(2) Weighting the unknowns (Pxl, Px2,  Px3) in addi- 
tion to weighting the observables (Pi, P 2 ) ,  is to be included 
as an option. 
The motivation used to express the above two equations 
in the particular form is as follows. 
The unknown parameters X1 are ground stations. 
X2 and X3 are unknown satellite positions which are 
both subsequently eliminated from the system. 
are either terrestrial or satellite observations, i,e., 
they are functions of only X1 or x1 and X 2 ,  - or X1 and 
X3, respectively. 
addition of terrestrial or satellite observations to the 
normal equations, and as important, it allows the sequential 
addition of both types of observables to the original 
solution (corresponding to X1, i.e., X2 eliminated). 
L1 and L2 
This particular arrangement allows the 
Linearization of Equations 2.1-1 and 2.1-2 yields 
3F2 
3x2 
-
0 2 , 1-3 
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[ ~ 2 1  :2 ::] :I+ x1 B11 0 0 B22 0 2 1-4 
X + A13 X1 + B11 V1 + W1 0 2.1-5 
A21 X3 + A23 XI + B22 V2 + W2 = 0 2.1-6 
A12 2 
The sequential adjustment system is separated into 
two modes. The first is sequential in terms of a second 
set 0.f observables L2 with an option on weighting the 
parameters, while the second is sequential only in Pxl. 
Sequential expressions for both modes are developed for 
the following items: - 
the normal equations (Section 2.12), 
the solution vector (Section 2.13) I 
the weight coefficient matrix (Section 2.141, 
the quadratic form of the weighted residuals 
(Section 2.15) 8 
the number of degrees of freedom (Section 2.16). 
2.12 Sequential Expressions for the 
Normal Equations* 
normal equations are derived as a result of mini- 
mizing the quadratic forms 
v;plvl + v;pzv2 + x;px3x3 + x;p,*x2 + x;pxlxl b1-7 
* Techniques employed are those used in [Schmid and 
Schmid, 1965; and Uotila, 19671. 
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subject to the two relations expressed in Equations 2.1-5 
and 2.1-6. Upon introduction of the Lagrange multipliers 
K and K2, the variation function is 1 
(9 = v i  PI ~1 + vi  ~2 ~2 + X: pX3 ~3 + xi px2 x2 + X I  P XJ - *1 
- 2K; (A12 X2 + A13 X1 + B11 V1 + W1) - 
- 2Ki (A21 X3 + A23 Xi + B22 V2 + w2) 2 . 1-8 
The differentiation of the above equation for the 
least squares minimum condition results in the expanded 
form of the normal equations (Equation 2.1-9); 
where 
rl = number of equations in first set Fl, 
r2 = number of equations in second set F2, 
n1 = number of observables in Fl, 
n2 = number of observables in F2, 
u1 
u2 = number of unknown parameters X2 in Fl, 
u3 = number of unknown parameters in F2. 
From the first two equations in the above system 
(Equation 2.1-9) two useful equations are 
= number of unknown parameters X1 in F1 and F2, 
2 . 1-9b -1 ' V2 = P2 €322 K2 . 
Elimination of V1, V2, K1, and X2, and matrix row 
and column transformations yield 
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where 
ull 
M22 
A21 
-P 
x2 
A2 3 
0 
J 
- N1l 0 
K2 
x3 I x1 + 
-1 
Ai2 M1l w1 , 
-1 ' 
-1 
B1l p1 B1l ' 
B22 p2 J3;2 . 
Elimination of IC2 and X3 
0 
Mi: 
A12 
N22 
u22 
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from above yields the final 
A; 3 
-1 
M22 A23 
, 2.1-10 
A12 + 
2.1-11 
+ P )-I 
x2 
2 . 1-12 
2.1-13 
2.1-14 
sequential normal equation system, namely 
(Nil + N22) Xi + (U11 + U22) = 0 t 
where 
-1 
A i 3  M22 A21 
-1 
A;3 5; w2 - 4 3  M22 
+ px3 A21 M22 w2 
)-1 -1 
I 
A21 (A21 
* 
A2 1 
-I 
M22 A21 + 
2.1-15 
* 
2.1-16 
2.1-17 
The first terms in the coefficient matrix and constant 
vector constitute the normal equations while the second 
12 3 
terrns**represent the contribution of the additional ob- 
servables (weighted)-set two. The special case of con- 
strained observables is accomplished by over-weighting, 
i.e., by specifying large values for P2 relative to P1 and 
. Application of the weights Px is optional and may be 
pXl 1 
used as a means of constraining or weighting parameters. 
The expression which is sequential solely in Px is 
1 
N1l x1 + ull = 0. 2.1-18 
2.13 Sequential Expressions 
for the Solution Vector 
The expression for the solution vector X1, which is 
sequential in observable set F2 with an option on applying 
P , is obtained by examining the system of normal equations 
x1 
given by Equation 2.1-10. From the last expression, 
where 
-1 X$ = -Nll Ull 
2.1-20 
2.1-21 
* *  Can also be considered as a second s e t  of normal 
equations (see Section 2.3) . 
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is the solution corresponding to observable set F1 with 
unknown parameters X2 eliminated, while the second term 
respresents the contribution of observable set F2- 
The next step is to obtain an expression for K2 with 
X3 eliminated. 
tem of Equation 2.1-10 becomes 
After a row and column transform, the sys- 
ON1l 
0 
A2 3 
Elimination 
r 
1-px3 
0 4 3 
-P 
x3 
A21 M2 2 
of X1 yields 
r 0 
x1 
x3 
K2 
[ :: 
+ 
+ 
%1 
0 
w2 
= 0 * 2.1-22 
2-1-23 
The expression K2 is obtained from the second equation of 
the above system, 
namely 
f1 A '  )-1 
K2 = (M22 + A23 11 23 ("A21 x3 - w2 + 
2 1-24 
An expression needed for X3 in the above is obtained from 
Equation 2.1-23 by elimination of K2; the result is 
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3 -l N-l A *  )-1 X3 = [Ai1 (Mz2 + A23 11 23 A2 1 + px3 
X*) . ( - w2 - A23 1 ~ - 1  A' )-l 
+ A23 11 23 
2 . 1-25 
Substituting Equations 2.1-24 and 2.1-21 in Equation 
2.1-20 yields the desired sequential expression for X1 with 
X2 and x3 both eliminated: 
-1 f1 A /  )-1 
X1 = XI + Nll A i 3  + A23 11 23 
The second term in the above is the sequential modification 
to the original solution Xz. It involves matrices corres- 
ponding to the unknown parameters X1 present in the second 
set of observables F2. The third term is the contribution 
involving matrices corresponding to the unknown parameters 
X1 and X3 present in F2. 
of X1 and not X3 (the case of terrestrial observables) 
then the third term is deleted, and the expression becomes 
equivalent**to the standard sequential expressions of 
[Schmid and Schmid, 1965, p. 35, Equation 48;  and Uotila, 
Therefore, if F2 consists only 
1967, p. 8 4 ,  Equation 2341 (one set of unknown parameters 
involved with two sets of observables). 
* *  taking into account the presence of the additional vec- 
tor of unknown parameters X2 in the ease at hand. 
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The expression f o i  the solution vector X1, which is 
sequential only in the weights P , is obtained from 
Equation 2.1-10. First retain the optional weights con- 
x1 
tained in 
Nll (contains P ) , 2.1-27 
Xl 
4. 
then consider the second set of observables to have the fol- 
lowing mathematical model (with corresponding weight matrix 
P I :  
x1 
2.1-28 
where the subscripts L and X designate observable and un- 
known characteristics, respectively. Specifically, the 
mathematical model is 
with 
- 
B22 
I 
0 i 
0 
I . 
-I . . 
2.1-30 
2.1-31 
where I is a 3 X 3 unit matrix, while the null matrices 
represent those parameters not weighted. Further 
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2 . 1-32 
Substituting Equations 2.1-30, 2.1-31, and 2.1-32 into 
Equation 2.1-26, yields 
2 . 1-33 * -1) -1 x1 = Xl + Nii (Nif + P ( - W2 - Xi) 0 
x1 
Note that the matrices in the second term pertain only to 
those parameters of X1 which remain after the multiplication 
by A23 and B22. 
The above equation may be used to find the effect on 
the solution of sequentially constrained parameters. This 
is achieved specifying large values for elements in P . 
x1 
2.14 * Sequential Expressions fo r  the 
Weight Coefficient Matrix 
In the case of one set of observables, the coefficient 
matrix for X1 is Nll and the weight coefficient matrix is 
= Nll . 
x1 
Q 2 . 1-34 
In the case of two sets of observables, the coefficient 
matrix is (from Equation 2.1-15) 
2 . 1-35 N1l + N22 
The corresponding sequential expression for the weight 
coefficient matrix Q 
to that used to obtain the sequential expression for X1 
is obtained in a manner analogous 
x1 
(Equation 2.1-26). The result is 
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- - Nii Ai3 (M22 + A23 N-l 11 A'  23 )-1 A23 NI1 1 t -1 
QX1 
-b A23 N1l -1 A23) I -1 A21 + Pxj1-l 
I N-l A ' ) -1 AZ3 Nll -1
A21 (M22 -t A23 11 23 2.1-36 
The interpretation given to the terms in the above equa- 
tion is identical to that of X1. 
second set of observables involve only the unknown para- 
In the case that the 
meters X1, the third term is deleted and the expression 
becomes identical to that of [Schmid and Schmid, 1965, p. 
35, Equation 491.  
The special case of constraining observables in set 
two is achieved as usual by 
.The expression for Q 
x1 
numerically large values of P2. 
which is sequential only in 
-1 . -3. -1 -1 
*X1 = N1l - Nll + pxl) N11 -1 2 -1-37** 
2.15 Sequential Expressions for the Quadratic 
Form of the Weighted Residuals 
The non-sequential expressions for the quadratic form 
of the weighted residuals corresponding to two sets of 
**This expression is true for all x1 weighted. In the 
case of weighting only a part of xl, use Equation 2-1-36 
(also see Equations 2.1-30 and 2.1-31). 
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observables, and weighted parameters is (from Equation 2.1-7) 
V'PV = v;plvl + vi  P*V2 + XI 1 P x1 x 1 + 
+ X '  P x2 + X' P x3 
x2 x3 2 . 1-38 
In terms of Lagrange multipliers the above equation can 
easily be shown to be 
t 
V'PV = - W' K - Wi K2 . 1 1  2.1-39 
Weighthgof the parameters is reflected in K1 and K2. 
Expressions for' K1 and K2 can be obtained from Equation 
2-1-9- 
The first of the two sequential expressions (i.e., 
sequential in the second set of observables with an option 
on weighting X3 follows from Equation 2.1-39, namely 
V'PV = - W' K* - Wi AK1 - W; K2 1 1  
I 
= V* P1 Vz - Wi AK,, - W' K 2 2 ,  2.1-40 
and considering Equation 2.1-24 along with 2.1-21, 2.1-25 
and 2.1-9 (expression for K1 with X2 eliminated) 
-1 A' 1-1 A21 -k (M22 i- A23 N1l 23 x3 
(W2 + A23 Xf) 2.1-41 
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The first quantity prepresents the quadratic form of the 
residuals corresponding to the first set of observables, 
while the remaining terms account for the change in the 
first set of residuals, the second set of residuals, and 
the weighting of X 3' 
The third term would be deleted if F2 did riot contain 
the unknown parameters X3. 
considering the special case of sequential constraints, 
With this term deleted and 
i.e., 
limit M22 = 0 , 2.1-42 
the expression for V'PV is 
1 ' r  
V '  P V = Vi P1 Vi + (W; + Xi A23) 
N-l A' )-l (Wz + A23 Xi) .' (M22 + A23 11 21 
The expression which is sequential in the weights 
P on the parameters X1 is (from Equation 2.1-39) 
x1 
and after considering the simplified form of K2 (analogous 
to the determination of Equation 2.1-33) 
2.1-43 
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The residuals V2 corresponding to the second set of 
observables are at times examined. An expression for 
their computation is given by Equation 2.1-9b, while 
K2 is computed from Equation 2.1-24. 
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2.16 Sequential Expressions for the Number 
of Degrees of Freedom 
The total number of degrees of freedom df are re- 
quired in the computation of the variance of unit weight 
estimated by the least squares adjustment, namely 
a^ L V'PV - ,
df 0 
where the expressions for V'PV are given by Equations 
2.1-41 and 2-1-44. 
df = e - u  2 1-46 
= r + c - u + pu + cu 2.1-47 
where e and u represent the total number of equations and 
unknowns, respectively. More specifically e is made up 
of r, c, pu, and cu number of equations arising from 
mathematical models consisting of weighted and constrained 
observables and parameters, respectively, 
The sequential expression corresponding to se- 
quentially weighted or constrained observables is 
df = (r + c - u + pu + C U ) ~  + ( x  + c - u), 
2.1-48 
where the quantities with subscript 2 pertain to those 
additional equations and unknowns. The sequential ex- 
pression for sequentially weighted and/or constrained 
unknowns X1 is 
df = (r + c - u + pu + cull + (pu + C U ) ~  .
2-1-49 
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2.17 Summary of Section 2.1 
The sequential expressions for the main items of the 
general sequential least squares adjustment are sum- 
marized in Table 2.1-1. The expressions are divided into 
two groups: 
(1) those that contain the effect of seqhentially 
weighted or constrained observables, 
(2) those that contain the effect of sequentially 
weighted or constrained parameters. 
It is emphasized that the observables and parameters 
may also be weighted'or constrained at the time of form- 
ing the normal equations (see Section 2.12). 
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2.2 Sequential Expressions for Satellite 
Triangulation and Trilateration in Com- 
bination with Terrestrial Data 
2.21 Introduction 
The specific problem of the sequential least squares 
adjustment of satellite triangulation and trilateration in 
canbination with terrestrial data is solved on the basis of 
the general matrix solution given in Section 2.1. 
The general sequential matrix expressions lend them- 
selves, rather naturally, to a discussion in terms of: 
(1) terrestrial observables (Section 2-22] , 
(2) satellite observables (Section 2 . 23) , 
(3) weights on ground stations (Section 2.24) . 
Before the treatment of the detailed sequential aspects 
of the above, the specific normal equations for each of 
the two self-contained systems of satelllite triangulation and 
satellite trilateration are deduced from Section 2.1, The 
general expressions for the normal equations, with satellite 
positions eliminatedaregiven by Equations 2.1-11 and 
2.1-12, namely 
x1 + ull = 0 ,  2.2-1 
where 
M-l A + p  I Ai2 11 13 x1 
i 
2.2-2 
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and 
+ P )-l 
x2 *11 - Ai3 '2 - Ai3 A12 (Ai2 Mi1 ~ 1 2  
- -1 -1 -1 
-1 
A12 M1l '1 - 2.2-3 
The more detailed expressions corresponding to satel- 
lite triangulation follow from the above expressions by making 
the equivalence between the matrices of Equations 1.2-5 and 
1.2-15 and those above, i.e., A with A12 and A13, B with Bll, 
P with P1, and W with W1. 
form of the matrices involved, the symmetric coefficient 
After considering the sub-matrix 
matrix Mll is found to have diagonal elements composed of the 
3 x 3 matrices * 
while its off-diagonal portion is composed of the 3 x 3 
matrices 
The constant term Ull is composed of the 3 x 1 vectors 
-1 -1 -1 +o 
13 
+O 
*k = 5; {% - ( c  M .  . )  ( C  Mij Xi)} . 
1 3 i 
2.2-5 
2.2-6 
In the equations above the subscripts have the follow- 
ing meanings: k and 1 denote particular ground stations; 
j is a particular simultaneous event: i is any ground station 
involved in event j; C is the summation over all events 
j 
* 
have been deleted since no independent precision estimates are 
avaiSable. 
Weights Px2 corresponding to the satellite positions 
observed by ground stations k and/or 
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1; also 
2.2-7 
further Pk is a 3 x 3 weight matrix associated with a 
particular ground station (see Section 2.24 for further 
discussion) , while is the preliminary rectangular coor- 
dinate vector of any ground station. 
The more detailed expressions corresponding to satel- 
lite trilateration follow from the above by making the 
equivalence between the matrices of Equation 1.3-2 and 1.3-8 
and those above. Again, after considering the sub-matrix 
form of the matrices involved, the symmetric coefficient 
matrix NI1 is found to have diagonal elements composed 
of the 3 x 3 matrices 
while its off-diagonal portion is composed of the 3 x 3 
matrices 
a 1 .  e N~~ = c {aij pkj akj (C aij pij aij)-l aij Plj lj i 
2 . 2-9 j 
The constant term Ull is composed of the 3 x 1 vectors 
2.2-10 
where ?k is the residual of any observed range from a 
j 
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particular ground station (resulting from a preliminary 
least squares adjustment of any simultaneous event with 
ground stations held fixed). 
The above equations for Nkk, Nkl, and Uk are derived 
from a different point of view in [Krakiwsky and Pope, 
19671. They are presented* again in order to show how 
they are deduced from the particular sequential least 
squares adjustment developed herein. 
Since the normal equations (Equation 2.2-1) for 
satellite triangulation and trilateration have basically 
the same form, no distinction will be made between them 
in the sections to follow. 
2.22 Expressions Sequential in 
Terrestrial Observables 
Specific algorithims for the formation and compu- 
tation of expressions sequential in terrestrial observables 
are now derived. The derivation will be made for terres- 
trial observables involved with two particular ground 
stations k and 1. In the case that the particular mathe- 
matical model involves only one ground station k, quan- 
tities containing subscripts 1 are simply deleted. 
The algorithims are applicable to the mathematical 
models of Section 1 which do not contain satellite posi- 
tions or datum shift components as unknown parameters. 
* See the above cited reference for the detailed manipu- 
lations used in deriving the expressions for uk' 
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Algorithims for the two latter mentioned unknown parameters 
are derived respectively in Sections 2.23 and 2.24. 
Sequential Expressicns for the Normal Equations 
The term "sequential" in the case of normal equations 
is best interpreted as a "contribution" rather than 
"sequential modification." This is because of the direct 
addition of expressions to the normal equations (Equation 
2 . 2-1) 
= 0 .  2 . 2-11 x1 + ull 
The general matrix expression, which accounts for the 
contribution of terrestrial observables to the normal 
equations, is obtained from Equation 2.1-15, 
namely 
I 
' M'l A ) X1 + (Ull + PIS: w2) = o a- (N1l + A23 22 23 
2 . 2-12 
Note that in the case of terrestrial observables, the 
second terms in Equations 2.1-16 and 2.1-17 are deleted 
, 
since no second set of unknown parameters X3 exist. 
A closer examination of the second terms in the above 
equation is made by letting Ak (e.g,, - Tkl of Equation 
1-5-51, A1 (cog., Tkl of Equation 1.5-S), Bkl (Equa- 
tion 1.6-16), and so forth, be sub-matrices of theis 
numerically subscripted counterparts. 
The coefficient term is found to be composed the 
3 x 3 matrices 
% (Bkl P-l k 3' Id. )-l Ak , 
A1 
BW )-l 
P'' B# )-l 
Ai (Bkl 'kl kl 
A '  (Bkl. kl kl A1 ' k 
the first and second of which is to be added 
(Equation 2-2-4 or 2.2-8) and Nll, while the 
be added to Nkl (Equation 2-2-5 or 2-2-91. 
3.40 
2 . 2-13 
2-2-14 
2 2-15 
to Nkk 
third is to 
On the other hand the constant vector is composed of 
the 3 x 1 vectors 
wkl 
p" B6 )-l 
A' (Bkl kl kl k 
p" B' )-I Ai (Bkl kl kl 'kl 
2 . 2-16 
2.2-17 
to be added to Uk (Equation 2.2-6 or 2-2-10) and U1, 
respectively. 
Seauential ExDressions for the Solution Vector 
The solution vector to be modified is that given by 
Equation 2 . 2-1, namely 
-1 
5 1  x1 = - 2.2-18 
The general matrix expression, which is sequential 
in terrestrial observables, is obtained from Equation 
2.1-26 by deletion of the third term (involves unknown 
parameters X3) , i.e. , 
2-2-19 
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Letting quantities superscripted and subscripted with 
k and 1 designate sub-matrices and sub-vectors, the fol- 
lowing algorithims result, 
X* is composed of A23 1 
% Xc + A1 Xi 
W is composed of Wkl 2 
2 2-20 
N-l A' is composed* of the sum A23 11 23 
kl kl 11 \ Nkk Ai + A1 (N ) 8  Ai + Ak N Ai + A1 N Ai e 
2 0 2-21 
M22 is composed-of 
-1 
Bkl 'kl Blh 2 0 2-22 
Ni; Ai3 is composed of 
Ai + Nil Ai (1 i 5 k) , 2 2-23 
2-2-24 
A~Z, + (N'~)' (1 < i - < m) , 2-2-25 
Nik 
+ N~' ~i (k < i < 1) , 
where m is the number of ground stations in N;',. 
The computation of Equation 2-2-19 is carried out 
by the matrix association 
2.2-26 
* It is assumed that only the upper triangular portion 
of Nii is available. 
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(M22 + A23 ' Y ;  A' 23 2.2-27 
('w2-A23 x* 1I 2.2-28 
and their successive multiplication. The result is a 
column vector composed of 3 x 1 sub-vectors to be added 
to their corresponding counterparts in Xi. 
The weight coefficient matrix NY: to be modified is 
that given by Equation 2.2-18. The general matrix expres- 
sion is obtained from Equation 2-1-36 by deletion of the 
third term, i.e., 
= &j-' - N-l A' (M22 A23 N-l 11 A' 23 A23 N i t  F 11 11 23 
2.2-29 
The matrices in the above equation are associated 
such that 
-1 
Ai3 2.2-30 
is computed. according to Equations 2.2-23 to 2.2-25, and 
JLJ-~ A8 1-l 2 . 2-31 'M22 -t A23 11 23 
is computed according to Equations 2.2-21 and 2.2-22 
and then inverted. 
-1 
A23 '1 
is composed of 
2.2-32 
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(Nil)' (1 < i < k) , 2-2-33 
(Nil)' (k < i - < l), 2 2-34 
( l < i < m ) .  2.2-35 
The successive multiplication of the three associated 
ik 
Akl (N I 9  + Alk - - 
Nki 
Nki Nli 
Akl + Alk 
Akl + Alk - - 
terms, results in a square matrix composed of 3 x 3 
matrices to be subtracted from their counterparts in Nll -1 . 
Sequential Expressions for the Quadratic 
Form of the Weiahted Residuals 
The quadratic form of the residuals to be modified 
is from EqUatiQn 2.1-41 
Vi Pi Vi 0 2.2-36 
The general matrix expression is obtained from Equation 
2.1-41 by deletion of the third. term: the result is 
-1 V' P v =L Vi ~1 V* 1 + (Xf ~ 2 3  + W;) (M22 + A23 Nil 
0 # I  
Ai3I-l ( W2 t A23 Xf) 2-2-37 
The computation of the second term in the above is accom- 
plished by the usual matrix association of 
a 
(Wi + .X*'A' 1 23 ) 2.2-38 
(M22 + A23 N-l 11 A@ 23 )-l 2,- 2-39 
followed by successive multiplication. 
The residuals V2 corresponding to the sequential 
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terrestrial observables are computed from Equations 
2.1-9b and 2.1-24, 
i.e. , 
Pi1Bi2 K2 2.2-41 - v2 - 
- N-l A# )-l - - ";' Bi2 (M22 + A23 11 23 
( W2 t A23 Xz) 2.2-42 
after the de'letion of terms involving unknown parameters 
x3 
The terms in parentheses have derived algorithims, 
-1 while Pi1 reduces to Pkl, likewise Biz reduces to BL1 (in 
the case of terrestrial observables between two ground 
stations k and 1). 
Sequential Expressions for the 
Decrrees of Freedom 
The sequential expression for computing the number 
of degrees of freedom in the case of terrestrial observables 
between two ground stations k and 1 is deduced from Equation 
2.1-46; the result is 
df = dfl + (r + c ) ~  . 2.2-43 
dfl denotes the number of degrees of freedom of the previ- 
ous step of the adjustment; while r and c denote.the number 
of sequential equations involving weighted and constrained 
terrestrial observables, respectively. 
145 
2.23 Expressions Sequential in 
Satellite Observables 
Specific algorithims for the formation and computa- 
tion of expressions sequential in satellite observables 
are now derived. The derivation will be made for several 
ground stations i involved in one particular simultaneous 
event j. In order to have more specific algorithims, 
the mathematical model involving only absolute satellite 
directions (Section lm2), and that involving only satellite 
ranges (Section 1.3) will be dealt with separately in 
Sections 2.231 and 2.232, respectively. The case of a 
mixed mathematical model (Section 1.4) of satellite direc- 
tions and ranges, will be discussed in Section 2.233. 
2.231 Absolute Satellite Directions 
Sequential Expressions for 
the Normal Eauations 
The normal equations of the self-contained system of 
satellite triangulation were given in Section 2.21 and 
were found to be composed of the 3 x 3 matrices Nkk 
(Equation 2.2-4) and Nkl (Equation 2.2-4) and Nkk (Equa- 
tion 2.2-S) , and the 3 x l vector Uk (Equation 2.2-6). 
The summation form of the above equations lend-them- 
selves to a sequential interpretation. In the case of 
one simultaneous event j, the summation over j would simply 
be deleted. 
The discussion of the case of numerous events is best 
discussed in the context of the addition of normal equa- 
tions (see Section 2.3). 
Sequential Expressions for 
the Solution Vector 
The general matrix expression, which is sequential 
in satellite observables with both sets (X, and X3) of 
unknown satellite positions eliminated, is given com- 
pletely by Equation 2.1-26. The second and third terms 
involve matrices pertaining to ground stations, and both 
ground stations and satellite positions, respectively. 
The derivations to follow utilize the correspondence 
between the matrices of the linearized mathematical model 
(Equation 1.2-5) and those matrices of Equation 2.1-26, 
e,g., A23 with part of A, B22 with B, W2 with W, and so 
forth. 
Algorithims for the computation of the second term 
are as follows: 
is composed of the 3 x 1 vectors 
(Wij defined by Equation 1.2-14) 
2.2-44 
2 . 2-43. 
* 
have a finite magnitude as opposed to differential (e.g., 
3 x 1 correction vector Xi). 
Vector symbols are reserved for those vectors which 
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where i varies in increasing rank (beginning with k) 
over all the particular ground stations involved in the 
event (up to i') . 
The diagonal elements of 
'M22 i- A23 N-l 11 A'  23 ) 2.2-46 
are composed of the 3 x 3 matrices 
kk B P" B' + N kj kj kj 2 . 2-47 
(Bkj and P defined by Equations 1.2-9 and 1.2-151, kj 
while the off-diagonal 3 x 3 sub-matrices are siniply the 
corresponding off-diagonal 3 x 3 matrix 
5; A;3 2-2-48 
is composed of 3 x 3 matrix columns of N-il each of which 
corresponds to one of the particular ground stations in- 
volved in the simultaneous event. The algorithim is 
(m being the total number of ground stations in the 
adjustment) 
2.2-49 
* k corresponds to the ground! station with the lowest 
rank number (order in the normal equations) while i' the 
highest. i ranges over the rank numbers of the ground 
stations involved in the event. 
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(the latter inequality is secondary to the first) 
or if n > i, then 
2.2-50 N"i - (Nin)' 
-1 since Nll is symmetric and only the upper triangular por- 
tion of the matrix is computed and stored, 
Thus the computation of the second term is accomplished 
through matrix association and successive multiplication 
of Equation 2.2-48 with Equation 2.2-46 (after matrix in- 
version), and the result multiplied by Equation 2.2-44, 
The third and final term in Equation 2.2-26 is grouped 
into four distinct parts by matrix association. The fol- 
lowing three parts are available from computations carried 
out in the second term: 
2.'2-51 
2.2-52 
2 . 2-54 A21 N-l A# A21 IA;1 (M22 + A23 11 23 
is formed by first forming the following 3 x 3 matrix 
(weights P on satellites deleted): 
x3 
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where 
Nil = 
if i > 1; Then a square matrix with size (in terms of 
3 x 3 matrices) equal to the number of ground stations 
involved in the event is created such that its 3 x 3 sub- 
matrices are identical to the 3 x 3 matrix defined by 
Equation 2.2-54a. 
Thus, the computation of the third term is accomplished 
by successive matrix multiplication of Equation 2.2-52 and 
2.2-54, and the result with Equation 2.2-51, and the re- 
sult with Equation 2.2-53. The final result is composed 
of 3 x 1 sub-vectors which are to be added to the corres- 
ponding 3 x 1 sub-vector arising from the second term, 
and this sum is applied to the 3 x 1 sub-vector (corrections 
in terms of the three Cartesian coordinates) of a particu- 
lar ground station k. 
Sequential Expressions for the 
Weight Coefficient Natrix 
The general matrix expression is given completely by 
Equation 2.1-37. The second and third terms resemble 
those of the solution vector. The one difference is the 
presence of 
-1 
A23 N1l 
in lieu of 
2.2-55 
2.2-56 
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The matrices are grouped through matrix association 
as before, thus their algorithims are already available. 
The algorithim for the new term A23 Nll -1 is similar to 
that of Nll A23 (Equation 2-2-49), 
namely 
2.2-57 
(the latter inequality is secondary to the first) 
or if i > n, then 
.in = (pp)' 2.2-58 
The matrix resulting from the above is composed of 3 x 3 
matrix rows of Ni: each of which corresponds to one of the 
particular ground stations involved in the simultaneous 
event. 
The successive multiplication-of the several groups 
of matrices results in a square matrix composed of 3 x 3 
matrices to be subtracted from their corresponding counter- 
-1 parts in Nll .  
Sequential Expressions for the Quadratic 
Fonn of the Weighted Residuals 
The general matrix expression is given completely by 
Equation 2.1-42. The matrices are associated as in thec 
case of the solution vector with N Y i  A;3 replaced by 
(wi+Xp ' A'  ) . W2 is composed of the 3 . ~ 1  vectors as mentioned in 
23 
Equation 2.2-45. Computation is analogous to that carried 
out for the solution vector. 
The residuals corresponding to the sequential satel- 
lite topocentric declinations and right ascensions are com- 
puted from Equations 2.1-9b and 2.1-24, i.e., 
'2 = ' "2' B;2 (M22 + A23 N-l 11 A #  23 )-l , ('W2-A23 X*) 1 t 
N-' AS )-l 
+ A23 11 23 A2 1 
-1 
Ail (M22 + A23 N-l 11 A' 23 ) ( - W2 - A23 Xz) 0 
2 . 2-59 
Algorithims for the computation of the above are given 
for the case of computing the solution vector. The only 
difference is the replacement of Nll Ai3 by P2 
latter term is composed of the 3 x 3 matrices 
-1 -1 
B$2. The 
-1 
'kj Bij 2.2-60 
kj where the coefficient matrix B and weight matrix P 
are defined by Equations 1.2-9 and 1.2-16, respectively. 
kj 
Sequential Expressions for the 
Dearees of Freedom 
The sequential expression for computing the numb-er of 
degrees of freedom in the case of absolute satellite dir- 
ections for one sequential simultaneous event is deduced 
from Equation 2.1-47; the result is 
df = dfl + (r + c ) ~  - 3 2 . 2-61 
dfl denotes the number of degrees of freedom from the 
previous step of the adjustment: while r and c denote the 
number of weighted and constrained topocentric declina- 
tions and right ascensions (number of sequential equations), 
respectively, and "3" designates the three additional 
unknown parameters due to the satellite position of the 
sequential event. 
2.232 Satellite Ranges 
Sequential Expressions for 
Normal Equations 
The discussion given in Section 2.231 is also applic- 
able here. 
2.2-8, 2.2-9 and 2.2-10, respectively. 
Nkk, and Uk are now given by Equations 
Sequential Expressions for 
the Solution Vector 
The general matrix expression is given completely by 
Equation 2.1-26. 
correspondence between matrices of the linearized mathe- 
The derivations to follow utilize the 
matical model (Equation 1.3-2) and those of the general 
equation, e.g., A23 with part of A;, B22 with B ,  W2 with 
W, and so forth. 
Agorithims for the second term .=e as follows. 
2.2-62 ( - w *  - A23 
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is a column vector composed of the terms 
- ai ri.) Xr (k - < i I < i') . 0 b 
j 
- (ri - 
j 3 
2 . 2-63 
N-' A I  2 . 2-64 (M22 + A23 11 2 3  
is a square matrix (size of the number of ground stations 
involved in the event) composed of 
a Nni a! k < n < i' 2 . 2-65 nj lj - - 
(n < i < i') - - 
with the inverse weight pi! of the respective satellite 
range added to each diagonal element. Once formed, the 
matrix (Equation 2.2- '64) is inverted and its elements 
denoted by pij. 
-1 
N1l A i 3  2.2-66 
is composed of 3 x 1 
Nni 
sub-vectors formed from 
( - aij) (k - < i - e i') , 2 .2 -67  
where ppi = ($-n)I 2 .2 -68  
if n > i .  
The third term in Equation 2.2-26 is grouped into its 
four usual (see Equations 2 . 2 - 5 1  to 2 . 2 - 5 4 )  parts. The 
algorithims fox the components of three parts have alseady 
been given. 
The remaining part 
3-54 
is computed in two stages. The first stage is to compute 
the quantity within brackets (P deleted): the result 
is a 3 x 3 matrix given by 
x3 
- - i' i' 
c c ( c aij pill a lj 1 1 - l  = '3 x 3 2-2-70 l = k  i = k  
where 1 and i are general variables ranging over the 
ground stations involved in the sequential event from the 
lowest rank number (k) to the highest rank number (i')- 
The second stage is to account for the matrix multipli- 
cation AZ1; the result is a square matrix (size equal to 
the number of ground stations in the event) composed of the 
individual terms 
Sequential Expressions for the Weight 
Coefficient Matrix 
The general matrix expression is given by Equation 
2.1-37. The one difference from that of the solution vec- 
-1 tor is the presence of A23 Nll. 
The algorithim for this new term is 
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and if i > n 
Nin = (Nni) 9 . 2 . 2-73 
The matrix created has as many rows as ground stations 
involved in the event, while its columns are composed of 
1 x 3 row vectors. 
Successive multiplication of the groups of associated 
-matrices results in a square matrix whose 3 x 3 sub- 
matrices are to be subtracted from their corresponding 
sub-matrix in Nll, -1 
Sequential-Expressions for the Quadratic 
Form of the Weighted Residuals 
The general matrix expression is given by Equation 
2.1-42. The matrices are associated as in the case of the 
solution vector with Ni: Ai3 replaced by Wi. 
posed of individual terms as mentioned in Equation 2-2-63. 
W2 is com- 
The computation is analogous to that carried out for the 
solution vector. 
The residuals corresponding to the sequential satel- 
lite topocentric ranges are computed from Equations 
2.1-9b and 2.1-24 or 2.2-59. Algorithims necessary for 
the computation have been given for the case of the 
solution vector, The only difference is the replacemznt 
of NIl -' A8 23 by pi1 B52. The latter term is a diagonal 
matrix whose terms are simply the inverse weights pi; 
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for each observed range in the sequential event. 
Sequential Expressions for the 
Deqrees of Freedom 
The sequential expression for computing the number 
of degrees of freedom in the case of satellite ranges for 
one sequential simultaneous event is deduced from the 
general expression given by Equation 2 .1 -46 .  
The result is 
df = dfl + (r + cI2 - 3 I 2.2-74  
where r and c denote the number of weighted and constrained 
satellite ranges, respectively; while the "3" designates 
the additional unknown parameters due to the satellite 
posit ion. 
2.233 Mixture of Absolute Satellite 
Directions and Satellite Ranges 
The mixture of satellite directions and ranges takes 
form in the following two modes: 
(1) both simultaneous direction and range from 
each ground station, 
( 2 )  simultaneous direction and range from one ground 
station along with only a simultaneous range 
from another ground station. 
There are other combinations, however, the above are 
basic and are discussed now in full context of the equa- 
tions already developed. 
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Mode 
equations 
change is 
one is accomplished by utilizing the sequential 
presented in Section 2.231. There, the only 
the definition of Bij and P i j  by Equations 
. 1.4-10 and 1.4-16 (upper left 3 x 3 portion), respect- 
ively. 
Mode two is accomplished by utilizing the sequential 
equations presented in Section 2.231 with a modification 
for Aij (Equation 1.4-6). Bij and Pij are now defined 
through Equations 1.4-8 and 1.4-16, respectively. 
2.24 Expressions Sequential in Weighting 
Ground Stations on Same and On 
Different Geodetic Datums 
Ground station coordinates are usually known with 
some degree of precision which enables them to be weighted. 
At the level of the normal equations the weighting is 
simply a contribution, while after the solution has been 
made the weighting results in a modification of the 
solution vector and corresponding precision estimates. 
Straightforward weighting of all ground stations is 
not always possible as is the case when some stations are 
on a different geodetic datum. In this case considera- 
tion must be given to the systematic shift between the 
particular datum and the datum of the adjustment (i.e., 
the datum of the point held fixed in the adjustment). 
In addition to weighting the ground stations on the dif- 
ferent datum relative to the particular datum origin, it 
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is useful to be able to we.ight the three datum shift 
components, since it is likely that some apriori precision 
estimates are available from previous independent studies. 
All of the above points will now be described in 
mathematical terms for the main items of the least squares 
adjustment. 
Sequential Expressions for 
the Normal Equations 
The general expressions which give the contribution 
of a second set of observables (weighted ground stations 
in this case) involved with a second set of unknown 
parameters (three datum shift components) are NZ2 
(Equation 2.1-16) and U22 (Equation 2.1-17). After 
noting the following, 
composed of - I (Equation 1.11-19), A21 
composed of - I (Equation 1.11-19), A2 3 
- - I (Equation 1.11-21) , B22 - 
composed of Pk (Equation 1.11-22) , p2 
and W2 composed of Wk (Equation 1.11-23) , 
N22 is found to be composed of the 3 x 3 matrices 
2.2-75 
Pk - Pk ( C  Pi + P W -lPk 2 . 2-76 
i UO,VOr 0 
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and 
U22 is composed of the 3 x 1 vectors 
In the above, the summation is performed over all ground 
stations being weighted on the "different datum." The 
w are 
I vo, 0 weights on the datum shift components uo 
optional. The above is the expected result, since 
weighting of ground stations does indeed contribute to 
the adjustment and this fact is corroborated by the 
presence of Pk in the first terms. Howeverr in order to 
weight ground stations on different geodetic datums, the 
additional unknowns 6uo, 6vo, 6wo had to be added to the 
solution and their elimination is responsible for the 
diminishing effect(on Pk and Pk Wk) which is demonstrated 
by the second terms in the above three equations. 
In'the case that one ground station is weighted, the 
above expressions reduce to 
'k 
2 . 2-79 
and 
'k 
The third set of 
2.2-80 
unknown parameters X (three datum 3 
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shift components in this case) may be determined by re- 
versing the process of elimination that eliminated them 
from the system of equations in the first place. However, 
such an expression contains N-l which is available only 
after the solution for the first set of unknown parameters, 
x1 (corrections to unknown ground stations) , therefore for 
all intents and purposes the weighting of ground stations 
on different geodetic datums is left until the initial 
solution has been made. 
11 
Weighting of ground stations on the same geodetic 
datum is effectuated by Pk (defined by Equation 1.11-2) in 
Equations 2.2-4 and/or 2.2-8. 
Algorithims for the sequential expressions for the 
solution vector,weight coefficient matrix, quadratic form 
of the weighted residuals, and the residuals are completely 
analogous to those derived for the case of a sequential 
simultaneous event involving satellite directions (Section 
2.231). This fact is due to the sirailarity between the 
two mathematical models. 
Recall the model of satellite directions (Equation 
1.2-1) , 
namely 
+ + -P 
x - xi - xi = 0, 
j j 
2 . 2-8& 
and the model for ground stations weighted on a different 
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geodetic datum, namely (Equation 1-11-16) 
-t + + - 
xoo' + xoi - Xo,i = 0 . 2.2-82 
In the above two equations, the first terms correspond to 
the third set of unknown parameters X3 (eliminated in the 
sequential equations), while the second terms correspond 
to the unknown parameter set X1 (ground stations). 
third term is the vector of observables. 
The 
The satellite direction algorithims are made to apply 
here by noting the following changes: 
(1) AZ1 is composed of 3 x 3 - 1; instead of 
3 x 3 I;, 
3 x 3 - 1 ; ,  
(2 )  A23 is composed of 3 x 3 1; instead of 
(3) B22 = - I instead of that defined by Equation 
1.2-9, 
( 4 )  the inequality k - < i - < i' is to be interpreted 
such that i' is now the highest rank number of the group of 
ground stations being weighted rather than the highest 
rank number of the stations involved in the simultaneous 
event. 
Solution for the three datum shift components is 
given by the expression for X (Equation 2.1-25). Algorith- 3 
ims for the formation of the various matrix groups con-! 
tained therein have already been given. 
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The problem of sequentially weighting ground stations 
on the same datum is a special case. Algorithims are an- 
alogous to those of satellite directions. In this case, 
the algorithims pertaining to the last term (involves the 
unknown parameter set X3 - datum corrections) are de- 
leted. 
In addition to modifying the solution vector, weight- 
ing ground stations contributes to the quadratic form of 
the residuals and to the number of degrees of freedom in 
the usual manner given by Equation 2.1-41. If the datum 
shift components are weighted, their quadratic form must 
be included in the estimated variance of unit weight. 
The degrees of freedom must be increased by three as opposed 
to decreased when they are not weighted. 
2.25 Summary of Section 2.2 
The main preoccupation of this section was the de- 
tailed application of the general sequential matrix ex- 
pressions of Section 2.1 to the particular problems of 
sequential terrestrial and satellite data as well as 
weights to ground stations. 
A recapitulation in the form of a summary is now 
given in the form of a close examination and interpretgion 
of the general sequential matrix expression for the nor- 
mal equations (Equation 2.1-15) and solution vector 
* 
(Equation 2.1-26) a 
N o r m a l  Equations 
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The first terms i n  N22 (Equation 2.1-16) and U22 
(Equation 2.1-17) are r e f e r r e d  to  as t h e  "terrestrial term" 
s i n c e  they  c o n t a i n  on ly  those  A - m a t r i c e s  p e r t a i n i n g  t o  
t h e  unknown ground coordinates X1: recall (Equation 2.1-3) 
a l ~ ~  
= - *  
A2 3 axl 
2.2-83 
The second terms are r e f e r r e d  t o  as t h e  "satell i te t e r m "  
or "datum t e r m "  s i n c e  they  con ta in  A - m a t r i c e s  p e r t a i n i n g  
to unknown parameter set X3 (unknown sa t e l l i t e  p o s i t i o n s  
o r  datum s h i f t  components); recall 
aF2 . = -  
A2 1 ax3 
2 a 2-84 
Sequen t i a l  So lu t ion  V e c t o r *  
The second term i n  t h e  s o l u t i o n  v e c t o r  is r e f e r r e d  t o  
as t h e  "terrestrial t e r m "  for  t h e  s a m e  reasons prev ious ly  
mentioned. Fu r the r  examination l e a d s  t o  i n t e r p r e t i n g  
-1 
as t h e  " i n t e r a c t i o n  component." This group of N1l A i 3  
matrices r e s u l t s  i n  an e x t r a c t i o n  and modi f ica t ion  of those  
p a r t i c u l a r  sub 3 x 3 matrices, from Ni:, which d e s c r i b e  t h e  
amount and degree of i n t e r a c t i o n  between t h e  v a r i o u s 8 r o u n d  
s t a t i o n s  be fo re  t h e  s e q u e n t i a l  phase. The remaining 
* See T a b l e  2.2-1. 
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- 
i', 
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group of matrices is referred to as the "modification 
component" because of its very nature and association 
with the "interaction component.'' This fact is demon- 
strated well in the case of the sequential addition of 
a single terrestrial spatial distance; the "modification 
component" comprises a single number, while the "interac- 
tion component" is a series of 3 x 1 vectors. 
The third is referred to as the "satellite term" 
or "datum term" for the very same reasons mentioned in 
the discussion on the normal equations. 
examination reveals Nll AZ3 as being the "interaction.com- 
ponent" and the remaining group of matrices as being the 
Again a closer 
-1 
"modification component. 'I 
A similar interpretation can be given to the general 
sequential expressions for the weight coefficient matrix 
and quadratic form of the weighted residuals. 
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2.3 Addition of Normal Equations and 
Their Sequential Solution 
2.31 Statement of Problem 
The two distinct problems of Section 2.3 are the 
addition of normal equations with different observations. 
(Section 2.321, and the sequential combination of in- 
dependent solutions (Section 2.33). Associated problems 
to be dealt with are: 
(1) weighting different sets of normal equations 
and solutions, 
(2) fixing, scaling and orientating a network 
when combining normal equations or solutions, 
(3) combination of solutions having singular coef- 
ficient matrices. 
2.32 Addition of Normal Equations 
The basic mathematics describing the addition of 
normal equations was given in Section 2.1 by Equation 2.1-15, 
namely 
(Nil + N22) X1 + (U11 + U22) = 0 2.3-1 
Note that the addition of two sets of normal equations is 
possible only when all other unknown parameters (e.g., 
X2 - satellite positions, X3 - satellite positions or 
datum shift parameters) have been eliminated from the sys- 
tem of equations leaving the unknown parameter set X1 (X1 be- 
ing the unknown corrections to the ground station coordinates). 
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The weighting of the two or more different sets of 
normal equations (e.g., Nll, Ull, and N22, U22) is a 
function of the goodness of the observations involved 
and the geometry existing between the unknown parameters 
and the respective observables. The first item is taken 
care of by proper weighting as a function of the es- 
timated variance-covariance matrix of the observations, 
and this weighting is reflected in the quantities Nll, 
N22, Ullt and U22. 
8 
The geometry aspect is implicit in the 
coefficient matrices A and B which enter into Nll, and 
so forth. 
Several sets of singular normal equations may be 
added together, however, before the solution is performed 
a minimum of one ground station must be held fixed, and 
possibly the scale and orientation introduced. The 
orientation must be absolute at all times, i.e., be intro- 
duced via absolute terrestrial directions or by absolute 
satellite directions. 
2.33 Sequential Combination of Solutions 
The basic mathematics describing the sequential com- 
bination of solutions was given in Section 2.1. The rele- 
vant equations will now be interpreted for the problem at 
hand . 
In Section 2.1 the problem of weighting ground stations 
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was treated. The sequential expression for the solution 
vector was given by Equation 2.1-33 to be 
2 . 3-2 -1 -1 -1) -1 X1 = X* + Nll (Nll + P ( - w2 - Xf' , 
x1 1 
where Xf is the solution vector from a previous adjust- 
ment, N,: is the weight coefficient matrix associated 
A A  
with the previous 
ences between the 
meters X1 and the 
- 
adjustment, W2 is the vector of differ- 
preliminary values of the unknown para- 
observed values (Wz is not necessarily 
zero), while P-' are the inverse 
X,. To apply the above equation 
x1 
hand, W2 and P-' are x, I 
P-l will now be 
XI 
of the second set of 
two stipulations are 
the apriori variance 
1.2-15 and footnote) 
mal equation set two 
to have the 
weights to be applied to 
to the problem at 
following interpretation. 
the weight coefficient matrix N22, 
normal equations. In this regard, 
imposed on N,:. The first is that 
2 of unit weight o0 (e.g., Equation 
used to form the weights used in nor- 
must be the same as that used in nor- 
mal equation set one. In addition, the variances of the 
observables involved must be in the same system (e.g., Table 
1.12-2) 0 
W2 is now the vector of differences between the 
adjusted values of the solution vector corresponding to 
normal equation one and the values of the solution vector 
arising from normal equation set two; the latter being 
1 6 9  
considered as the observable vector with weight matrix 
-1 
N22 - 
The sequential expression for the solution vector is 
therefore 
2.3-3 
The other associated items are the weight coefficient 
matrix (Equation 2-1-37] 
-1 -1 -1)-1 -1 
= Nll - Nll + N22 N1l x1 Q 
2 , 3-4 
the quadratic form of the weighted residuals (Equation 
2 , 1-44) 
I -1 -lp(w, + Xf', 
V'PV = (V'PV)l - (W; + Xr) (Nll + N22 
2.3-5 
the degrees of freedom (Equation 2.1-49) 
df = dfl + df2 . 2 , 3-6 
-1 Note that in the above equations, the inverse N22 
is needed, If the inverse is obtained by usual methods, 
is to be non-singular; this implies that at least N22 
one station must be held fixed and possibly the scale and 
orientation given to the net, However, a contradiction 
-1 -1 may occur between Nll and N22 if for example the same 
point is not held fixed. 
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2.34 Summary of Section 2.3 
The addition of two or more sets of normal equa- 
tions is straightforward and theoretically needs no 
other information other than the equations themselves. 
The result is given by Equation 2.3-1. 
The results of sequential combination of two sets of 
normal equations is given in terms of the solution vector 
(Equation 2.3-3) and its corresponding estimated variance- 
covariance matrix 
h h 
2.3-7 - O 2  Q 
0 x1 ? c ,1 
where Q, is given by Equation 2.3-4. 
the estimated variance of unit weight is given by 
On the other hand, 
2.3-8 V'PV df 
h 
a2 = -
0 
where V'PV is defined by Equation 2.3-5 and df by Equation 
2.3-6. 
Theoretically, the information necessary for the 
sequential combination of solutions is the following: 
(1) both solutions and their corresponding weigh%- 
coefficient matrices, 
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(2) the quadratic form of the weighted residuals 
and degrees of freedom corresponding to the 
first solution. 
In summary, modifications to the results of the first set 
of equations, due to the information contained in the 
second set of equations, are computed according to 
Equations 2.3-3 to 2.3-6. 
IIf. DESIGN OF THE COMPUTERIZED SEQUENTIAL 
LEAST SQUARES ADJUSTMENT SYSTEM 
3.1 Introduction 
The design of the computerized system for the 
sequential least squares adjustment of satellite triangu- 
lation and trilateration in combination with terrestrial 
data is based almost completely on the concepts and equa- 
tions developed in the previous two sections. A com- 
plete exposition of the system is given in the form of a 
concept flow diagram of the system (Section 3.2) followed 
by a discussion of its development. (Section 3.3)- 
3.2 Concept Flow Diagram of System 
The system consists of twelve segments* each perform- 
ing a specific task. Communication of data between seg- 
ments is accomplished most effectively via common core 
areas and magnetic tape. Particular segments are used 
* Sometimes referred to as chains or overlays. 
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by the system only by call from a segment in use, thereby 
allowing a by-pass of one or several segments not needed 
in a given execution. 
The following flow diagrams are explained in terms 
of the purpose of the segment along with its corres- 
ponding input and output requirements. 
Segment "SEGESD" 
The main purpose of the segment is to form the normal 
equations resulting from a series of simultaneous events 
in which absolute satellite directions are observed. 
The input is composed of the following items. 
(1)* The curvilinear ground station coordinates are 
converted to Cartesian coordinates and it is 
the latter values which are used as prelimin- 
ary values in the linearization of the mathe- 
matical models. The order of the ground,statiorrs is 
of prime importance and is maintained through- 
out . 
( 2 )  The topocentric right ascensions and declina- 
tions along with the UT 1 epoch of the event 
serve as the basic input. 
( 3 )  The control information for calling the vari- 
ous segments of the system are in the form of 
* 
the flow diagrams. 
The numbering corresponds to the circled riumb&s in 
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specific questions (e,g., questions at the end of segment 
"SEGESD"), The output is composed of the following 
items , 
(1) Input (1) and (2) are printed. 
(2) The preliminary Cartesian coordinates are stored 
in a common core area for use by any segment, 
(3) Input (1) is punched on cards (option) , 
(4) The normal equations are printed, 
(5) The normal equations are punched on cards (option). 
These are useful when at a later date these 
equations may be added to other sets of equa- 
tions, thus will appear as input to segment 
"SEGADD" (see input [lo] ) , 
(6) The coordinates of satellite subpoints of each 
event, along with ground station coordinates, 
are written on tape (option), This tape serves 
as input to SEGSSP (see input [ 4 ]  ) 
(7) Normal equations are written on tape. These 
equations are added to other sets of equations 
in SEGADD (see input 171) or simply solved in 
SEGSOL (see input [ll] ) , 
Segment "SEGPSS " 
The only purpose of the segment is to plot the satel- 
lite .subpoint corresponding to each event. The ground 
stations involved in each event are indicated; also each 
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station is plotted. 
The input is composed of the following item. 
(4) Tape input of subpoint and station coordinates. 
The output is composed of the following item. 
( 8 )  Plot of satellite subpoints and stations with an 
indication of the stations involved in each 
event. 
Segment " SEGSAR" 
The main purpose of the segment is to perform com- 
putations necessary for the formation of a set of normal 
equations resulting from a series of simultaneous events 
in which ranges are observed. 
The input is composed of the following items. 
(5) The preliminary Cartesian coordinates for the 
ground stations in the network are available via 
common core storage. 
(6) The topocentric range from each station in the 
event is designated by a station number and UT 1 
epoch of observation. 
The output is composed of the following items. 
(9) Print of input (6). 
(10) Print of normal equations. 
(11) As in output (5). 
(12) As in output ( 6 ) .  
(13) As in output (7). 
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Segment "SEGADD" 
The purpose of SEGADD is the addition of normal 
equations. The equations may be from any source as long 
as all other unknown parameters are eliminated leaving a 
system of equations pertaining to the ground stations 
of input (1). 
The input is composed of the following items. 
(7) The normal equations from SEGESD are read from 
tape only if there were any formed. 
(8 )  The normal equations from SEGESR are read 
from tape only if SEGESR was called. 
(9) Normal equations from other sources appearing 
on tape. 
(10) Normal equations from other sources appearing 
on cards. 
The output is composed of the following items. 
(14) Print of combined normal equations. 
(15) Card output of combined normal equations 
(option). 
(16) Combined normal equations located in common 
core storage to be used by SEGSOL. 
Segment "SEGSOL" 
The main purpose of the segment is the solution of 
a 
ponding precisions, error ellipsoids and correlation 
set of normal equations and the computation of corres- 
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coefficients. 
input is composed of the-following items. . 
The normal equations from SEGESD or SEGESR are 
read from tape only in the case that SEGADD 
was not called. 
The combined normal equations are available in 
Common core storage (from SEGADD) for solution. 
The preliminary Cartesian coordinates are avail- 
able in common core storage in order to obtain 
the adjusted coordinates. 
Contribution to the normal equations (those from 
SEGESD or SEGESR or SEGADD) in the form of 
ground station weights, terrestrial spatial 
distances and absolute terrestrial directions. 
These may be necessary for fixing the position, 
orientation and scale of the net. 
output is composed of the following items. 
The solution vector, precision estimates and 
weight coefficient matrix are available for use 
by subsequent sequential segments. 
Output (17) is punched on cards (option). This 
information is useful in the sequential combina- 
tion of solutions. 
Printout of solution vector, precision estimates, 
error ellipsoid information, weight coefficient 
matrix, and correlation coefficients. 
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Tape output of 
matrix for the 
Tape output of 
the correlation coefficient 
purpose of contouring (option). 
solution vector and precision 
estimates for plotting of results, 
Secrment SEGTSD 
main purpose of the segment is to determine the 
effect that each sequential terrestrial spatial distance 
has on an original adjustment. 
one at a time (one cycle). The solution and precision 
estimates are up-dated at the end of each cycle, 
The distances are considered 
input is composed of the following items, 
The preliminary coordinates of the ground 
stations are available in common core storage 
for the purpose of obtaining the adjusted Car- 
tesian coordinates, 
The solution vector, precision estimates, and 
weight coefficient matrix of the previous cycle are 
available in common core storage for use in 
computations occurring in the algorithims of the 
present sequential cycle. 
Terrestrial spatial distances are read in one 
at a time, along with its standard deviation 
and two stations between which it prevails, 
output is composed of the following items, 
(22) As in output (17). 
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(23) As in output (19). 
(24) As in output (18). 
(25) As in output (21). 
(26) As in output (20). 
In addition, the residual corresponding to each 
terrestrial spatial distance is computed and appears as 
output 0 
Segment "SEGSAR" 
The main purpose of the segment is to determine the 
effect that each sequential event of satellite ranges 
has on an original adjustment. The events are con- 
sidered one at a time. The solution vector, precision 
estimates are up-dated at the end of each cycle. 
The input is composed of the following items. 
(18) As in input (16). 
(19) As in input (15). 
(20) As in input (6). 
The output is as for SEGTSD along with the residual 
corresponding,to each range of each event. 
Seament "SEGASJ)" 
The main purpose of the segment is to determine the effect 
that each sequential event of satellite directions has on 
original adjustment. The events are considered one at a 
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time. The results are up-dated at the end of each 
sequential cycle. 
The input is as follows. 
(21) As in input (16). 
(22) As in input (15). 
(23) As in input (2). 
The output is as for SEGTSD, along with the residual 
of each direction of each event. 
Segment "SEGWGS" 
The main purpose of the segment is to determine the 
effect that each sequential ground station weight matrix 
has on an original adjustment. 
ground station is considered one at a time with results 
up-dated at the end of each cycle. 
The weighting of each 
The input is as follows. 
(24) As in input (15). 
(25) As in input (16). 
(26) The gxaund station coordinates and standard 
deviations are read-in for weighting purposes. 
The output is as for SEGTSD. 
194 
Seument "SEGATD" 
The main purpose of the segment is to determine the 
effect of a sequential absolute terrestrial direction 
has on an original adjustment. Each direction is con- 
sidered separately and the results up-dated at the end 
of each sequential cycle. 
The input is composed of the following items. 
(27) As for input (15). 
(28) As for input (16). 
(29) Absolute directions are input in the form of 
direction numbers with their corresponding 
precision estimates. 
The output is as for SEGTSD. 
Segment "SEGCON" 
The main purpose of the segment is to produce con- 
touring information for each correlation coefficient 
matrix of each cycle. 
The input is composed of the following item. 
(30) Correlation coefficient matrices from the 
initial solution (option) and cycles of sequent- 
ial segments (option). 
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The output is as follows. 
(27)  Contouring information as input to the IBM 
1620; the final product is contour plots of the 
desired correlation coefficient matrices. 
Sement I' SEGPLO" 
The main purpose of the segment is to plot the 
solution vector and corresponding precisions at the end 
of each sequential cycle. Associated items like the number 
of degrees of freedom, the quadratic form of the weighted 
residuals, number of equations, the estimated variance 
of unit weight, and so forth, are plotted at the end of 
each sequential cycle. 
The input (31) is composed of the solution vector 
and precision estimates for the initial solution and each 
sequential cycle. 
The output (29) is a plot of the above mentioned 
items for each cycle. 
3.3 Development of System 
The system can readily be developed in part about 
computer programs already written. These ready available 
programs are now discussed in reference to each segment 
of the proposed system. 
Segments "SEGESD," "SEGESR," and "SEGSOL" are basically 
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the programs documented in [Krakiwsky et al,, 
in press], 
Segments "SEGTSD" , "SEGSAR, 'I and "SEGPLO" are 
documented in [Krakiwsky, in prep.]. The remaining segments 
can be written on the basis of the theory present herein 
and tailored after the several existing segments. 
IV. APPLICATION OF THE LEAST SQUARES 
SEQUENTIAL EXPRESSIONS 
4.1 Introduction 
The matrix expressions sequential in terrestrial 
and satellite observables were derived in Section 2.1 
and summarized in Table 2.2-1 (p. 164). These ex- 
pressions, when examined closely, were found to contain 
two terms, the "terrestrial" and "satellite." In ather 
words, when terrestrial observables are sequentially in- 
volved, only the first term is employed. The sequential 
inclusion of satellite observables to the adjustment sys- 
tem necessitates the use of the second term as well as 
the first. Therefore, in order to exemplify the use of 
the entire expression, a sequential least squares adjust- 
ment is first performed for terrestrial spatial distances 
and then for  simultaneous satellite range events. 
In each case, a three-segment program was de- 
veloped to carry out the necessary computations. The 
first segment performs the initial solution, the second 
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the sequential modification, while the third summarizes 
and plots the results. The first segment is virtually 
the same in each case and is based on the solution program 
documented in [Krakiwsky, et al,, in press]. The third 
segment is a straight forward plot routine which is docu- 
mented in [Krakiwsky, in prep.]. The second segments are 
discussed in the context of the following two sections 
(4.2 and 4 . 3 ) .  
4.2 Application of the Sequential Expressions 
to Terrestrial Spatial Distances 
The expressions used in the computer programming 
of segment two are based on the expressions derived in 
Section 2.22. The specific algorithims follow from 
the basic expressions by substituting for the terrestrial 
sub-matrices (e.g., Akl, 
matrices corresponding to the linearized mathematical model 
of terrestrial spatial distances (Section 1.5). 
) ,  those particular sub- Bkl 
The particular numerical application is the se- 
quential modification of a world-wide satellite triangula- 
tion network [Figure 4.2-11, Normal equations were formed 
for the 36-stations using a total of 303 simultaneous 
absolute satellite direction events, The fictitious- 
events were simulated in terms of generated topocentric 
right ascensions and declinations by a separate program, 
The satellite was arranged to be approximately 3 million 
meters above the surface of the earth; this corresponds 
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to the spacings of the ground stations. 
three ground stations were involved in each event.. Each 
An average of 
pair of ground stations had at least four intersection 
planes between them. The events were chosen at the center 
and at the sides of the triangles formed by the ground 
statiohs. A standard deviation of one arc-second was used 
in determining the weights for the satellite directions. 
The initial solution of the normal equations was 
made by fixing station 3 (See Figure 4.2-1) with a stand- 
arddeviation of 0 , 3 3 3  meters (a weight of 10). The 
scale was introduced between stations 3 and 2 via a terres- 
trial spatial distance. The precision of the distance 
was set at a standard deviation of 3 . 3 3 3  meters (a weight 
of 0.1--an approximate proportional precision of 1 part 
in 1 million). 
Seven sequential terrestrial spatial distances, 
with about the same proportional precision as the-initial 
one (numbers 2 to 8 in Figure 4.2-1) were added sequenti- 
ally one per cycle. The standard deviations of the 
three-dimensional coordinates for all 36 stations were 
computed at the end of each cycle and are presented in 
table and graph form in Appendix I. The programs usedare 
documented in Appendix 111. 
The graphs indicate, that for the particular sat- 
ellite triangulation (one aqc-second standard deviation 
in declination and right ascension) network about 4 to 6 
201 
terrestrial spatial distances (1 part in 1 million pro- 
portional precision) are sufficient to determine the scale. 
4.3 Application of the Sequential Expressions to 
Simultaneous Satellite Range Events 
The expressions used in the computer program- 
ming of segment two are the algorithms derived in Section 
2.232. 
The particular numerical application is the se- 
quential modification of the aforementioned world-wide 
satellite triangulation network; this time by single 
simultaneous satellite range events. 
The initial solution for this sequential adjust- 
ment was made with station 3 fixed as before and the 
initial scale introduced again between stations 3 and 2 
but this time with a proportional precision of 1 in 
200,000. This was done in order to see if a more precise 
scale could be determined by the simultaneous range 
events. 
Nine sequential range events (a total of 36 ranges) 
were simulated and added one event per sequential cycle 
with three from each of three quads (quad l--stations 37, 
8 ,  19, 18; quad 2--stations 49, 42, 27, 45; quad 3-- 
stations 13, 47, 12, 23). The precision of the ranges was 
set at one meter, consequently resulting in an appro&ate 
proportional precision of 1 part in 3.5 million. 
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The standard deviations for all coordinates in 
the network were computed at the end of each sequential 
event. The results are found in Appendix II’and clearly 
indicate that many more satellite range events are needed 
to achieve the same precision as was obtained in the case 
of terrestrial spatial distances. The programs are 
documented in Appendix 111. 
4.4 Summary 
The correct functioning of the sequential programs 
was tested by comparing the results at the end of a par- 
ticular cycle to those of a straight-forward non-sequential 
batch solution, 
The main purpose of the above was to take one 
step beyond the theory developed and apply the sequential 
expressions to a particular numerical example; this being 
done, the goal of the dissertation has been reached. 
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S T A T 1  C!"1 
C Y C L E  
0 
1 
2 
3 
4 
5 
5 
7 
S T A T I O N  N U M B E R  11 I HAhiK = 1 
C K < E  SDX snv 
0 14.8337 12 .9264  
1 13,2762 17.15909 
2 12,5409 1 2 , 4 9 3 0  
3 12,3608 12 ,4830  
5 11.9691 12 ,4316  
6 a t  ,9242 X 2 4099 
7 11.8616 17,3698 
4 12o1))308 12,4329 
STATION NUMBER 48 T R A N K  = 2 
C Y C L E  SDX SI! Y 
0 14 e 4 1 6 8  10.7725 
.. 1 12.7735 10,6933 
2 I. '1. '? 67 5 1 0 , 5 8 5 2  
3 13.7433 10,5735 
-_ 4 11,4140 10,5473 rr 11 ,3287 10 53 82 
- I_ - 
-. _- . - - 
10.5275 
IOe5023 
--- - - - 
-- - 1 14,8278 13,8447 
_. - - 2 13*8071 13,3057 
' "  4 I. 2 93 83 13,1508 
6 12,7390 13,0721 
3 13,4047 'I 3.2968 _____- - -  
5 12,8048 13,1347 
I_-_ - 
7 12.6920 12 .9625  - -- - 
SDZ 
1 2 . 0 I, 2 0 
11,4779 
711 ,2309 
11,?106 
11,1370 
X l * 1 2 9 2  
12.1049 
1 I. 0453 
SO2 
18.1754 
15,9405 
14 ,8927  
14 ,7237  
1 4 e 4 13 4 
@4,3245 
14.2080 
13.9814 
S DF 
19e26Qll 
116,7638 
1 5  0 5984  
15,3410 
t 5 * 0 0 8 0  
14,8312 
14 7035 
14,4401 
snz 
0.32 52 
0,3162 
0,3162 
0,3162 
0,3162 
0,3162 
0,3162 
0,3162 
s *  
24.1926 
22,. 5739 
22,2444 
22, 2073 
21.0098 
21 9511 
21 ,A876 
21 7901 
S 
23 ,0525  
21,6578 
20 ,9638 
20.5397 
20,5755 
20,5344 
20,47642 
20.3889 
S 
25 ,5787 
230 0290 
21 e 8417 
21.5985 
21,1960 
2 7- e 0 8 49 
20,9672 
20,7726 
S 
29,4713 
26,3167 
24.7181 
24.3278 
23,7820 
23.5892. 
23.4387 
23,1869 
s 
8,5477 
0,5477 
0.5477 
0.5477 
0,5477 
0,5477 
0,5477 
0,5477 ' 
STATION NUMBER 38, R A ~ K  = 5 . 
CYCLE sox snY 
0 6 , 7 4 9 4  7,0998 
1 6 ,2771  6,7789 
2 6e236Q 6 ,6721  
_. .- 3 6,2263 6,6513 
4 6,2152 6,6316 
5 6,23104 6,6220 
4 6,3975 6,6089 
7 6,1935 6,5981 
STATIQN N U M B E R  - 391 RAhK = 6 
CYCLE SDX SDY 
0 12,7709 14.*?559 
1 11,4979 1.1 03027 
2 11e2206 11,2998 
3 11,1446 11 2979 
4 11,0484 11.2961 
5- 111*0t83 1 1  , ? W 1  
6 10,9367 11,2922 
7 10e9l.38 17,2915 
STATION NUMBER 20, R A N K  = 7 
CYCLF SDX SBY 
0 1/13e0984 3.0.731 67 
1 t 9,2973 10,3302 
2 9,2834 10,3005 
3 9,2806 10,3000 
4 9,2789 10,2961 
. _  5 9,2765 10,2949 
4 9.2435 10,7469 
7 Q e  1b 34 'LOe2416 
S 
.c 
TATION NUMBER 1. v 
0 7,2539 
- i  6,9906 
2 6,9647 
3 4 ,9505  
4 6,9309 
5 6,9263 
.. . 6 6,9189 
7 6 , 8 8 6 2  
YCLE SDX 
S T A T I O N  NUMBER 2 I 
CYCLE SPX 
0 3,9632 
1 3,8745 
- 2  3 8697 
3 3,8657 
4 1?.3610 
5 2.86r)4 
6 3 , 8 5 8 9  
7 3,a5i39 
RbhiK = 8 
SOY 
9,7248 
8 ,?97? 
8,5478 
8,4842 
8 4564 
8,4080 
5,3884 
R A N K '  = 9 
S"Y 
8,6245 
6,4306 
6-41 64 
0.401 4 
hm 401 4 
h 4003  
6.4002 
A * 3 9 7 ?  
6 * ? . q l l  
S oz S 
1 1 0477 
10 ,3747  
€0 e 1770 
1011433 
X 0,093 4 
10,0723 
10,0597 
I O * O Q 9 1  
S@? S 
21,5a42 
I. B m 6496 
57,3342 
1 7 , 1 0 9 9  
'1.Ee7095 
16 6034 
16,4189 
1 6 e 1.375 
S DZ S 
2203435  
18e911.7 
170h833 
17,4443 
1 7 , 0 8 8 5  
26,9925 
1 6 ,  6093 
16,2985 
SO? s 
10,8932 
10 42 2'5 
10 ,3148 
1 0 , 3 0 3 6  
10.2 845 
10,2792 
10,2686 
1 0 e 1 8 1 0 
241 
_. 
14,7653 
13.8726 
13.6744 
13,6343 
13,5825 
13,5602 
€3 ,5383  
13,4935 
27,5306 
248 6528 
22 e 997'3__ 
22.9048 
22,7311 
22; 5171 
23,5388 
23.2365 
' 2 6 e f W 3  
23,4692 
22,4718 
22,2828 
22 ,0028  
21 9260 
21 561 I. 
21. 32OQ 
L6,'?rO50 
15,3219 
15,1421 
15,0843 
15,0263 
15,0049 
14,9670 
14,  8808 
12.7109 
I& 6740 
32 ,6549  
2 2 , 6 5 2 9  
12,6498 
12.6480 
12,6464 
12,6355 
S T A T I O N  N U M R F S  5 ,  P A h K  = I f  
C Y C L E  SPX SOY 
0 1.2 . 9 Q 8 I lr).558;! 
1 7 .9123 10,3434 
2 7 . 1 5 8 1  10.3709 
3 7.7178 b 0 . 2 7 h 7  
4 7,6591 10. 2703 
5 7.65‘30 3 0.7701 
6 7 .6314 I . O o Z 6 ? 3  
7 7 .5629 10.2364 
5 I31 S 
15,4975 
1 3 , 5 6 0 1  
13.0-309 
12,9440 
3 2 0 8072 
12.7644 
3 7 .7 ’58  
1 2 . 5 9 4 5  
S O T  s 
5 5 . 7 6 2 8  
15.0444 
14,4622 
lG.3594 
14.2104 
14.1665 
14.3.079 
13mq335 
S O ?  S 
27.8566 
22*5570 
2 0 . 8 7 5 4  
20.5187 
20.0286 
19.9025 
17o3923 
16r9734 
SD7 5 
1115318 
11 , 5295 
1.1.5178 
13.. 51.1 3 
11,5065 
11.5028 
11.5015 
11 04554 
242 
20.0077 
17.1875 
17*28?t 
17,200Q 
17.0669 
17o030P 
7 0.9676 
I. h.82?7  
23.9957 
IcB.R979 
19.3630 
E 9 . 273.2 
lS0 1331 
19.0980 
19.0417 
18.8722 
27.7 5 5 4  
24.123 1 
22.8542 
22,5989 
22,2340 
2 2 e 1 46 I. 
21.91’36 
21.. 5035 
31 9585 
27.3716 
2509409 
25.0249 
25.2025 
25.0979 
23.0445 
22 . 6950 
2O.585O 
3.7584998 
17.6190 
17 .4558  
17.3035 
17.2670 
l?. 1721 
L7.0729 
STATICN NtJMBER 5 6 ,  R A N K  = 15 
CYCLE SDY 
0 17.5824 10,8346 
1 13 ,4257 10,2039 
2 17,3150 1 0 0 2 9 4 9  
_ .  3 12,0605 10.3748 
- 4 11.5714 20.?382 
5 31.7 . 50 87. 10.1177 
6 2 1.2819 lO.Otrr05 
7 10.4288 30.0522 
S T A T I C N  _ _  . .- &UMBER 189 R A k K  = 16 
CYCLE SOX SOY 
0 16 .8945  1 0 , 5 0 5 4  
I 12.9455 10.2901 
2 1% .081.9 1 0 - 1 9 8 4  
3 11.7942 10,1349 
4 1-1 *it697 !0.1223 
' 5  13.  ,4154 10.2130 
6 LF.04'19 10.0712 
7 10 .6734  10.0694 
STATION NUMBER 28, Rl lhK = 17 
CYCLE snx SDY 
- .  
0 12.9393 9.3 , 5913 
1 x 3.. 5029 3 2 e W 4 2  
2 '11.0852 12.3866 
3 10,9429 12.2523 
4 10.7595 12.391.3 
5 10.7328 12.1802 
6' 3.0 e43 20 21.7652 
7 10.2513 1.1 7 3 4 4 
STAT ION NUMBER 
CYCLE S n X  
0 10,8506 
1 9.5436 
2 9,4345 
3 9 , 2 5 6 2  
4 9.2679 
5 9,2507 
6 9,3074 
7 9.0539 
_. _ -  
. -  
5 i A T I C M  NUMBER 1 6 7  
CYCLE SDX 
0 1 6 , 5 0 1 1  
1 13.1122 
2- 12,061 2 
3 1 I 7 0 h 3 
4 11.7919 
5 11,2366 
6 1 1,0686 
_I 7 9e498b 
- . - - 
S D L  
20,5726 
, 17 ,5542  
16.2210 
16.0106 
1 5 r 6671 
15.5783 
15,4238 
5 4.9941 
243 
S 
25.1106. 
22 8603 
20.9837 
2 00 7008 
2n.4284 
20.3788 
200 2007 
190 6334 
S 
34,0960 
28,5136 
26.7074 
2602672  
29.7263 
75,5951 
24.5872 
24,1034 
S 
23.2101 
200 7279 
20,18?3 
19 ,9895  
la. 8249 
19.7816 
1906730 
19,2148 
. s  
26.7ao7 
23S33046 
21.9488 
21.5219 
21 0 I 4 6 6  
21.0658 
20.8600 
119.6574 
SDZ 
16.4537 
3 5 . 1 2 9 9  
14 .0b45  
I3 * 9Q79 
72,81685 
13,8332 
lT.7695 
L 3.5073 
s El z 
15. 5754 
14,5816 
1 4 , 4 8 3 9  
’14.4091 
14.2461 
14,2006 
24.1423 
23,8424 
0 
Sf-?Z 
13,5429 
l.3.5309 
13.5249 
13.5194 
13,4922 
1304057 
13,4743. 
13.4330 
S D L  
14.9629 
14.2545 
13 ,9748 
13,9388 
13,4257 
13 ,4169  
1‘3.7848 
f 3.261 9 
244 
S 
31.0695 
26.3 124 
24.1277 
23,5275 
23.9347 
22.8060 
22,4777 
21. , 547s 
s 
33 0408 
27,671 5 
24.6499 
23,9904 
23.2128 
23,0767 
22,7832 
21.8949 
s 
34.572s 
280 5369 
26a320R 
2506396 
24.0 9‘2 59 
24*?501. 
24.2587 
23,3657 
S 
31.5898 
27. I360 
2 4 , 8 5 3 8  
24,3057 
23.8379 
23.7322 
23 ,4988 
220 5009 
S 
34,7992 
29.4953 
26,6328 
250 8386 
24,9032 
24073.57 
24,4429 
23,7370 
S T A T I O N  NUMBER 459 RAhk = 2 5  
_CYr=C! I 5EDX so Y 
0 I 4 . 90 s I 26.1 a 83 
3 12.4783 76,5755 
_ _  _ _  5 12 0 1744 15.8517 
6 12.0449 3.5.5039 
7 21.fj2h3 34.8861 
1 13,1072 20.7589 
2 12,8936 17.3644 
4 2 2 o 7 3  70 26,0229 
STATION NUMBER 449 R A N K  = ?t3 , .  
CYCLE-'SDX so Y 
0 14.3 2 8 5  23.9324 
1 13,5967 19,7220 
2 1 3 . 5 9 6 4  17.2238 
3 13,1414 16.1226 
4 13.1 3 8 3  a 5 , 8 5 0 3  
5 3 3.1261 15.714a 
6 13.0847 16,4789 
7 ??.a970 1- 5 , 0 3 7 9 
S T A T I O N  NUMBER 149 
0 13.4699 
1 1 3  0 4002 
2 13,351 1 
3 13 00769 
4 12020'30 
7 11.9794 
C Y C L E  _ _  
5 12.1935 
b 12.1638 
R A N K  = 27 
SOY 
2R.3221 
22.6781 
19.3253 
Z8.56SZ 
37.nt527 
17,7087 
17,74957 
3 h . b q 1 9  
S T A T I O N  NUMBER 327 
C Y C L E  SPX 
0 1 5 , 2 4 8 4  
1 15 * 1 h 4 t  
2 14.91 35  
3 14.19542 
4 33.7597 
5 13,7580 
7 ?3.75?7 
6 13,753as 
snz 
23. , I  671 
1P.3133 
15.6964 
.3.6.4632 
?5.9693 
15.S462 
*5.7099 
15.2744 
S!?Z 
28.1336 
2 3 . 6 7 2 8  
21.1570 
20.91 3 3  
19,9474 
19,7350 
19.4?41 
18,8803 
5132 
13,8913 
1 3  rn 7343 
1'3.6820 
? 3 ,6803  
13.59J.5 
13.5843 
13.5560 
I3 0 4421 
SD? 
. 2'r.4467 
? 8.4742 
1 hm9597 
15,5597 
1 5 .St640 
1".8379 
15.2779 
7 5 .6874  
'245 
s 
36,8095 
30,4286 
27.32q8 
26.4897 
25o71131 
25.5192 
25.1446 
24,2915 
S 
39. 5398 
33 ,6703 
30 ,5095  
29.4958 
28.6662 
28.4380 
28,1216 
27 e 3667 
s 
34.1359 
29.7108 
27,1830 
26.5135 
25.51 8 4  
25.4337 
25.1860 
24.5524 
S 
37,4419 
31,5446 
28.3115 
27.3014 
26.4625 
26.2180 
2 5 , 9 0 3 0  
25 1 5 7 2  
5 
38.7426 
3 k 3 2 2 6  
30.4190 
28.5102 
27.  6 8 2 1  
27.3715 
27olfS6 
26.54591 
STATIC8 N U M B E R  13 
C Y C L E  < f i x  SPY 
0 14,7354 24 ,4556  
1 24.3r192 2(1,2r)37 
2 13.76?Q 3 7.8204 
4 11.0L12 16,9905 
6 13.02$.5 16,409Q 
7 13o025C) 1 5 . 9 3 4 2  
3 13.7575 3 7 . 5 3 7 2  
5 13,0372 1ho6.559 
S T A T I O N  N U M B F R  4 7 9  R A N K  = 31 
CYCLE SnX SD Y 
0 !4,?685 ? b e 9 6 1 8  
1 13.779'1! 21.7219 
2 13.7646 18,7668 
3 13.2364 18.13O3 
4 12.5132 17.4563 
5 12.4990 17.1019 
6 3 2 ,4967 3.6.7979 
7 13,4906 16 e 1746 
_ _  
STATICN NUMRER 129 RANK 32 
CYCLE SQX SOY 
0 15.8502 17,5792 
1 34.0731 15.2467 
2 I. 3 , 0 3 3 4 89225 
3 12e84l.1 '3308797 
4 17,2763 13.9422 
5 12.2133 13.3867 
6 -  12a1583 13 .2437  
. - - .- 
t 
_. 
7 17.1O99 17 .3962 
- . __ 
_ _  S'TATrDN N U M R E R  2 3 1  R4NK = 33 
C v c L E  s!?x SDY 
I -  - 
0 15.5629 23,1438 
. - .- 
1 14.4691 1 9 , O R h U  
2 13.6212 1 6 . 8 4 5 7  
- _ _  
3 13.416a ' 16,7260 
4 17 ,8473  1 6 . 2 2 6 2  
5 1 2 , 7 8 6 4  15,6375 
6 12,7640 15,3580 
____- - 
- 
_ -  
_ _  .- 
7 '12,7592 24.4104 - 
S 07 
13 .4958  
13.41 54 
1'3.3721 
1.303683 
13.?682 
13.3678 
13,3550 
Z 3,3063 
Sn;Z 
15.5881 
14 ,5068  
1 4 * O 0 5 0  
13,9427 
13 , 8303 
13.8219 
13.7553 
13.5572 
SDZ 
13,3103 
1 2 e, a 1 4 9 
12,5597-  
1'2,5432 
12  e 4781 
12,4780 
12,4476 
12.3652, 
S D L  
19.2205 
16,8242 
1 5 0 6673 
15.4993 
15,l 644 
15 ,1642  
15.0225 
14 ,6777  
246 
31.5993 
28. z 481 
26.1878 
25,9910 
25.2479 
25.0191. 
24.8477 
24.5073 
S 
5 
34.21'51 
29,5324 
26 ,9125  
26,4255 
25,5525 
25 ,2932  
25,0509 
2405242  
5 
27 ,2203  
2403872 
2 2 , 3 3 5 3  
22. 6930 
22.1314 
2200016 
21 0 8670 
21.15437 
s 
33 .9174 .  
29 ,2659  
25 .  73'53 
26,4574 
25.6 574 
25,25a2 
25,01281 
24,5061 
S 
37,4862 
32G9072 
30.4911 
29,1896 
26 ,7323 
260 4993 
26,0173. 
28.471 1 
STATION NUMBER 31, RANK = 35 
' CYCLE - -  . SDX SDY 
r) 1 5 . 0 5 8 4  20,0380 
3 1.5 .a990 17.2572 
4 15 0 59433 Lis09948 
--- . 5 -. 15,5872 10.9845 
? 25.5818 16,6565 
1 17.3406 38,3042 
2 16,8237 17.2605 
b 15,583h ? 6,8697 
SO? 
2 8 , 8 8 6 8  
24.9012 
23 ,0970  
22,4825 
22.0423 
20.3789 
20.204.9 
19,8096 
247 
S 
39 ,5231  
35.4374 
33.3032 
32.4969 
31,9033 
30,7691 
3 0 , 5 8 0 8  
30.2090 
APPENDIX I1 
248 
STATIUN N U M B E R  + r  RANK = o 
C Y C L E  SDX SDY 
. o  14,5918 2 5,9773 
1 12,3043 1707004 
2 12,2347 17,4950 
3 12,2274 17,4654 
-_ 4 12,0403 16,9324 
3. 12,0401 16,9195 
6 1200389 16,9117 
7 12,0014 16,7965 
--- -..- 
8 11.9767 16.7739 
9 :  11,9661 16,7386 
STATION NUMBER 111 RANK = 1 
C Y C L i  SDX SDY 
0- 22,0449 14,5897 
1 15,7831 13.1014 
I_ 2 , ' 15,5687 13.0816 
3 -  - 15,5421 1300744 
._ 4 15,0856 12,9434 
--. . - 5- 1500825 15.9425 
6 15,0803 1209391 
7 15,0051 12.9251 
8 i4,wa9 12.9076 
9 14,9982 I 2  a 8948 
. -  
I O N  N U M B E R  48, R A N K  = 2 
0 21,7269 11a2528 
1 25,2901 1007895 
2 1500660 10,7869 
3 15,0359 1007834 
_ _ "  ~ 4- 1405849 10.7247 
- 5  f4,58f0 1007245 
- -  6 14.5787 10a7228 
7 14,529.6 10,7134 
8 1405269 10,7024 
9 14,5217 10,7021 
S Y C L E  - ' S D X -  SDY 
S T A T I O N  NUWBER 229 RANK = 3 
CYCLE SDX SOY 
0 25,6830 20a0070 
1 1709407 15-45 53 
2 17,6852 15,3663 
3 17,6491 15,3694 
4 17,0576 15,0001 
5 1700555 14.9960 
6 17,0527 14,9893 
7 1700331 14,9098 
8 17002'12 14,8969 
9 17,0193 14.8896 
s oz 
13 a 7992 
13,6480 
13,6453 
13,6453 
13,6433 
1306428 
13 a 6414 
1306211 
13,6065 
13,6059 
S DL 
16.8368 
13,1663 
13,0510 
13.0409 
12.7926 
12,7869 
12,7842 
12 e 7429 
12,7319 
12.7318 
so1 ' 
33,4809 
21,9741 
21a6097 
21,5668 
20,8179 
20 796 1 
20,7897 
20,6294 
20,6199 
20,5971 
SOL 
36,0142 
23,3393 
22,9423 
22,8914 
22,0842 
22,0576 
22,0523 
21 a 8430 
21,8369 
2 1  e 7873 
249 
S 
32,8353 
25*5151 
250 3369 
25,3129 
24,0559 
24- 8462 
24,8401 
24,7324 
24,6970 
24,6676 
S 
31,3419 
24,3743 
24,1628 
24,1363 
23,6380 
23,6325 
23,6278 
23.5498 
2 3 e  5303 
23, 5220 
S 
41,4688 
28,8628 
28,4661 
28,4164 
27, 5084 
2705699  
27,5632 
27.4127 
270 3988 
27.3798 
S 
4-80 5481 
330 2485 
32 7909 
32.7278 
31,6809 
3106593 
31 ,%'509 
33 ,4570 
31 4403 
31,4013 
250 
S T A T I O N  NUMBER 39 RANI( = 4 
SYCLE SDX SDY 
0. 0,3162 0.3162 
1 0,3162 0.3162 
2 0.3162 0,3162 
3 Om3162 0.3162 
4 0.3162 0.3162 
5 0.3162 O m 3 1  62 
6 0.3162 0.3162 
7 0.3162 0.31 62 
8 0.3162 0,3162 
9 0,3162 Om3162 
S T A T I O N  NUMBER 38r 
,GYCtE- sox 
0 6.7513 
1 6.6324 
2 6,6110 
3 6.6110 
4 6,6099 
- 5  6,6082 
6 6.6079 
7 6,6078 
8 6.6076 
9 6.6075 
RArVK = .5 
SOY 
11 5037 
8,4236 
8.31 21 
8,3018 
8.1789 
Re1748 
8,1732 
a.1572 
8,1553 
8 o 1565 
S ? A T I C N  :_NUMBER 3'99 RANK = 6 
C Y C L E  SDX SOY 
0 15.9850 11,7704 
1 12.3261 11.4324 
2 12.2134 11,4138 
3 12.1176 11,4138 
4 12,0580 f1.4128 
5 12.0526 11,4119 
6 12.0501 11.4119 
7 12,0416 1 1.41 18 
8 12.0405 .11.4115 
9 12,0397 11,4115 
STATION" N U M B E R  2or RANK = 7 
GYCLE SDX SOY 
- 0 10.1660 13- 1823 
1 10,0984 11.0631 
2 10.0843 11.0203 
3 1.0 0 65 7 11.0203 
4 10.0588 10.9623 
5 10.0532 10,9601 
6 10.0519 10.9582 
7 10,0495 10.9495 
8 10,0484 10.4481 
9 10.0482 10.9475 
S D Z  
0,3152 
0,31.62 
0.3162 
0.3162 
0.3562 
0,3162 
0,3162 
0.3162 
0.3162 
0.3162 
SDF 
16,8757 
12,7072 
12.5358 
12 5355 
12 o 323 2 
12.31P6 
12o309O 
12.2628 
12 . 26-67. 
12.2561 
SDI 
4103918 
26,8309 
26,3720 
26,3082 
25,4154 
2 5 a 3 86 1. 
2 5 , 3 7 5 2  
25,2158 
25.2016 
25,1799 
SDF 
430 1360 
27,6666 
27,2203 
27,0360 
2 6.2 744 
26.2061 
26.2259 
26,0983 
26,0829 
26,0725 
S 
0.5477 
0 . 5477 
0.5477 
0,5477 
0.5477 
0- 5477 
0.5477 
0 -  5477 
0.5477 
O m  5477 
S 
21. 5107 
16. 6254 
16. 4298 
16.4245 
16,2002 
16.1886 
ib.ia57 
16 1425 
16,2398 
14.1359 
S 
45,6335 
310 6628 
31, 2229 
31 I559 
30.3577 
30. 3301 
30.3206 
30.1839 
30.1714 
30.1531 
s 
46.2368 
31.4612 
31,0497 
3 0 , 8 8 2 2  
30.%943 
30,1494 
30.1311 
30.0334 
30.0191 
30,0099 
251 
STATION iVUMBfiZ 1, K A N K  = 8 
C Y C L E  sffx SD Y 
(3 14.9200 15.2276 
P 10.4096 i0.408a 
2 10.2295 10.2956 
3 1002121 L 0 02 744 
4 1000252 10.1341 
5 10 ,0215  10.1.2 79 
6 10.OL90 10 .1258  
7 9,9904 1 0 . 1 0 4 8  
8 '  9.9843 10 .1021 
3 9,9826 10.1~~00 
S T A T  ION NUMBER 
C Y C L E  SOX 
0 1 6 , 4 0 9 4  
1 11 .0858  
2 10 ,8488  
3 10.8358 
4 L O .  58451 
5 lft.5774 
6 10.5747 
7 10.542 6 
a 10.5326 
9 10.5311 
2 9  K A N K  = 9 
s nY 
e . z i i 4  
7 .1215  
7,1023 
7.1014 
7,0589 
7.0563 
7,0556 
7.0507 
7.0492 
7 . 0 4 9 1  
S T A T I O h  NlJMBER 377 
C Y C L E  sox 
0 12.2392 
1 10.2737 
2 10.2790 
3 10,2569 
4 10.0913 
5 10.0913 
6 10.0909 
7 10,0697 
8 10.0613 
5 10,0605 
RANK = 10 
SD Y 
16. . 37 39- 
11.223% 
1 0 . 9 7 7 7  
10.9077 
10.7528 
10.7470 
10.7428 
1 0 , 7 2 3 0  
10. 71 77 
1.0 e 71 68 
S T A T  IOk NUMbER. 
C Y C L f  SDX 
u 30.9708 
1 16.7827 
2 15.3429 
3 1'5.3314 
4 14,8826 
5 24,8627 
6 14-  8563 
7 14.8078 
8 14.7904 
9 14.7888 
E, RANK = 1.1 
S D Y  
L2.6+42 
10.0577 
1 0 . 0 5 7 7  
9.6148 
9.7318 
9.791)5 
9.7884 
0.7335 
3.7818 
9.7815 
SDZ 
1 3 . 2 0 0 4  
1 1  ,2228 
11.11383 
11.3.382 
11-0505 
11.0495 
11*0480 
11.0316 
11.0577 
11.0273 
S D L  
10.7206 
10.4223 
10.4220 
1 0 . 4 1 0 8  
10.4016 
1 0.40P 5 
10.4015 
10.3996 
10 .3995  
10.3987 
S D t  
27 .9607  
19. 531 0 
19.1061. 
19.0841 
18,6269 
18.597a 
ia.5887 
18 5207 
18.5128 
/8.5050 
SO+! 
25.12304 
15.9378 
15 8934 
3 5.1723 
15.0146 
15 . 004 7 
15 e002  5 
14.9716 
1 4 . 9 b 94 
1 4 . 9 64 7 
5 
25.0745 
18. 5109 
18 .2949  
18 02732 
18.0432 
18.0304 
18,0269 
17.9892 
17.981 9 
17,9796 
S 
21 .2515  
16,7999 
16.5360 
16,6202 
1 6 . 4 3 3 6  
16,4276 
1 6 , 4 2 5 5  
16.4009 
1 6 . 3 9 4 4  
16.3929 
s 
34. 5367 
24.7607 
24. 3148 
24. 2567 
23.  7575 
230-7324 
23,7228 
23.6526 
23,6395 
2 3 , 6 3 3 4  
S 
42.8704 
25.2355 
2 4 . 2 7 2 7  
23.6977 
2h2982 
23,27138 
23,2723 
23.2193 
23.7061 
23.2019 
252 
S T A T I O N  NUMBER 1 9 r  RANK = 1 2  
C Y C L E  SOX SDY 
0 24.3832 11 7404 
1 14,7433 10.4522 
2 14.6758 10.3216 
3 13,6849 10.2734 
4 13  3762 10.2350 
5 13.3761 10.2342 
6 13.3’735 10.2310 
7 13,3391 10,2238 
8 13.3252 1012216 
9 13,3241 10.22 12 
. S T A T I O N  NUMBER 4 3 r  RANK = 1 3  
C Y C L E  SDX SD Y 
Q 1907115 11.4314 
I 1400534 11.3575 
2 1306537 11.2486 
3 13.3625 11,2226 
4 13,1464 11.2226 
5 13.1444 11eZl.80 
6 1303.436 1.1 . 2 1  79 
7 13.1174 11.2169 
a 13.1062 11,2167 
9 13.1054 11.2166 
* 
S T A T  ION NUMSER 
LYCLE SDX 
0 35,5222 
z 20.2509 
z 19,5855 
3 19,5150 
4 i8.9oa3 
- -  5 1 a 08 607 
6 1808595 
7 18.7928 
8 18.7705 
9 18,7686 
7 9  R A N K  = 14 
SDY . 
12,5477 
9.5474 
9.5094 
9,4933 
9 4462 
9 , 4 4 5 3  
9,6443 
9,4306 
,904380 
9.4376 
S ~ J A T ~ O N  ~ ~ M B E R  55,  RANK = 15  
CYCLE SDX S D Y  
0 41.7999 12.8354 
1 23 75 97 10.3331 
2 23,1967 10.3312 
3 23,1170 10.3290 
4 22.3803 10o3087 
5 22,3083 10,3087 
6 22,2955 10,3055 
7 22.2237 10-3046 
8 22,1930 1003046 
9 6 22,1919 10,3046 
SDZ 
45,4559 
2803282 
28,0226 
27.3740 
26.6302 
2 h 8 5666 
26.5375 
26.4398 
26.4221 
26.4142 
507. 
55,1495 
33.4300 
32,0285 
32.2849 
31.3707 
31.2929 
31.2562 
31.1446 
31.1227 
31.1144 
SDL 
12.1337 
110 701 5 
11.7015 
21.6566 
11.6508 
11,6502 
11.6491 
i1.64aa 
11.6402 
11 6475 
S 
5 2 , 9 0 1 9  
33. 6021 
33, 0141 
32.2824 
310 5095 
31,4555 
31.3292 
31 3076 
31.3004 
31,4287 
S 
59,6715 
38,0007 
37,2916 
36,6990 
35 8175 
35. 7472 
35. 7140 
35. 6071 
35.5838 
35.5762 
S 
39,5790 
25.2622 
24.71 73 
24.6340 
240 I3 50 
240 1033 
24,0952 
24.0406 
24.0227 
24.0207 
S 
48.0464 
300 0622 
29,5574 
29.4576 
28.8ZZl 
2807723 
28,7511 
28 ,6886  
20,6647 
200 6624 
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STATIO& NUMBER 18t RANK = 16 
Z Y C L E  SDX SOY 
0 39,6496 11.3120 
I 22,2185 9.6423 
2 21.9297 9r6115 
3 21.8513 9,5871 
4 2 1 0 0 9 1 5  9,sa69 
5 21 00592 9,5559 
6 21,0470 9.5856 
7 20,9778 9.5854 
8 20,9496 9.5849 
9 20.9481 9*5049 
S T A T I O N  NUMBER 2 8 9  R A N K  = 17  
CYCLE SOX 53 Y 
n 28.4246 17.5401 
1 I606776 12.8417 
3 15,0975 12.ao32 
2 16,2745 12,8043 
4 1506743 12,6995 
5 15.6741 12,6446 
' 6  15,6684 12,6412 
7 15.6254 12.6384 
8 15,6069 12.6377 
9 15.6058 12,6377 
STATION NUMBER 6 ,  RANK = 1 8  
CYCLE SDX SDY 
0 23,3629 26 77 87 
1 1407328 16.2557 
2 14.3896 16.0000 
3 14,3496 15,9560 
4 14.0303 15,6665 
5 14.0152 15,6450 
6 1400102 15.6419 
7 13.9727 15.6115 
8 13,9589 15.5041 
9 13.9580 15.6030 
_ .  
STATION NUMBER ibp RANK,= 19 
CYCLE SDX SD 'y 
0 38.0525 29 , 3488 
1 22.1702 17.7252 
2 21.6688 17.4931 
3 21.5896 17.4516 
4 2009029 17.1525 
5 20.8213 17.1432 
G 20.8166 17,1390 
7 20.7538 17.1059 
8 20,7223 17.0999 
9 20.7218 17.0993 
Sf)% 
39,4037 
24.41 3 5 
230 8531 
23,a239 
23.3212 
23.2831 
23.2619 
23 1 91 8 
a0i7a2 
23.1720 
SDZ 
56,6907 
34.0777 
33.6139 
33,3657 
3203907 
3202692 
32.2055 
32.0982 
32,0734 
3 2 , 0 6 6 3  
SOL 
15.1849 
13.9573 
13.8996 
13,8980 
13,8369, 
13.8083 
13,8079 
13.7970 
13.7886 
13,7886 
SDZ 
13 442 7 
13.13532 
13,0497 
13 0 031 9 
13.0256 
13,0183 
13.0177 
1'3.0175 
13.0138 
13,0131 
S 
57.0325 
340 3897 
33.7974 
33,7190 
32,8731 
32.8250 
320 8021 
32.7079 
32.6aoi 
3206747 
s 
05,7986 
40,0542 
39.4804 
39.1959 
38. 1591 
3%. 0377 
37,9802 
37,8706 
37.8417 
37.8351 
s 
38,6459 
26.0021 
25.6176 
2 5 ,  5668 
2 5 , 1 7 4 3  
25.1373 
25.131% 
250 0861 
25.0692 
25.0680 
S 
49. 9004 
31 2424 
30,7545 
30.6675 
w.0192 
29. a813 
29.9482 
29.9422 
29 ,8526  
29. 8516 
254 
STATION 
CYCLE 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
S T A T I O N  
C Y C L E  
. o  
1 
2 
3 
4 
5 
6 
7 
8 
9 
NU-MBEK 4 9 9  
45.7540 
26.5488 
25.9077 
SDX 
2 w w i i  
25,2558 
25.0958 
25.0339 
25.0038 
24.9622 
24,9614 
N U M B E R  4Lv  
SDX 
38.6251 
22,4437 
22,3552 
21.0764 
21,0466 
21.0456 
22.a9k5 
20.9857 
20. 9471 
20,9470 
S T A T I O N  PIUMf3ER Z 7 r  
CYCLE SDX 
a 40.3261 
1 23 42 42 
2 22,9779 
3 22,8673 
4 21.8811 
5 21,8811 
6 21,8608 
7 21,7944 
8 21.7576 
9 21.7570 
STATION NUMBER 15r 
CYCLE SDX 
0 27,1486 
1 17.4725 
2 17.2210 
3 17.1649 
4 16,8766 
5 E60 8 4 3 5  
6 16.a416 
7 16,811 7 
8 16.7851 
9 16,7847 
KANK = 20 
513 Y 
29.2556 
17.9453 
17,7568 
17.7270 
17.6232 
17.6012 
17 -5424 
17.5175 
17.5%05 
17,5102 
RANK = 2 1  
SOY 
44.3760 
26.1552 
25,7347 
25.6712 
24. 5279 
24.2028 
24.2010 
24.1479 
24.1283 
24. I274 
R A N K  = 22 
SOY 
32.9279 
20.1339 
19 e 9444 
19,9116 
19,1162 
18,6388 
18,6128 
18.5873 
. 18,5802 
10.5799 
RANK = 23’ 
si) Y 
47.2284 
27eS800 
27,4121 
27.3433 
26.4838 
26.2a71 
26.2834 
25,2244 
26,2039 
26.2026 
S O L  
27.2~7 
18,5865 
18.3 36 8 
18,2809 
18.0973 
3.8.0812 
17.8820 
17,8551 
17,8523 
17.8485 
SOL 
23,7371 
17,2408 
1 7 , 0 6 2 4  
17 00 20 1 
16,2104 
16,1550 
15,8594 
15 8483 
15,8481 
15.8453 
SDZ 
440 3665 
27. 31% 
26,7878 
26,6901 
26,0994 
26,0500 
25,8962 
z5 ,a iz5  
25.7806 
25,7819 
SDL 
14,2472 
13.6995 
130 6896 
13.6792 
13.6550 
13,6544 
13.6290 
13- 6267 
13,6168 
13.6162 
S 
60,7919 
37. 0450 
36,4267 
36.3108 
35,7204 
35.5884 
35.4500 
35. 3674 
3 5 , 3 3 3 2  
35.3305 
S 
63.4404 
38,7990 
38.1723 
3a.0585 
36,1746 
35,9127 
35.7788 
35. 7028 
35.6668 
35.6548 
S 
68,4020 
41,2360 
40.5382 
40. 3949 
39,0563 
38,7916 
38 ,6645  
3 8 , 5 5 8 6  
38,5135 
38. 5184 
S 
56.3076 
35.6407 
35,1481 
35,0629 
34, x43 
34.0757 
3400618 
34,0006 
330 9676 
33,9662 
255  
S T A T I O N  NUMBER 41, R A N K  = 24 
CYGLE SDX SDV 
0 22.5874 55.69 33 
1 15.4992 32.8988 
2 15,3452 32.3297 
3 15,3049 32.2307 
4 15,2605 30,6279 
5 15.1735 30.5521 
6 15.1732 30.5479 
7 15.1597 30.4669 
0 15.1339 30.4286 
9 15,1297 30.4277 
S T A T I O N  NUMBER 4 5 1  RANK = 2 5  
C Y C L E  SOX SDY 
0 30.0455 50. 4879 
1 18,7037 29.7728 
2 1a.6294 29,zaz6 
3 118.3914 29.2046 
4 18,3522 27,7382 
5 18 0 1399 27.7369 
& 1a.1867 27,7115 
7 ia.1507 27.6510 
9 10.1243 2 7. 62 73 
8 18,1243 27.6286 
S T A T I O N  NUMBER 441 R A N K  = 26 
CYCLE SDX SOY 
0 21 ,3925 43.6414 
1 15.7919 2 6 , 6 6 9 0  
2 15e6910 26.2858 
3 .  15 ,6504  26.2280 
4 15 -6563 25.0020 
5 15,4505 24.9835 
6 15,4569 24.Q746 
7 15.4539 24.9432 
8 15,4522 24,9365 
9 15,4520 24.9355 
STATION NUMBER 141 R A N K  = 27 
C Y C L E  SOX SOY 
0 15,5748 53.9725 
I 13,9930 32 2697 
2 13.9765 31.7223 
3 13.9667 31.6392 
4 13,9192 30.078h 
5 13,8627 3 O*i)006 
6 13,8625 29.9935 
7 13.8608 29.9 
8 i 3.8565 24.9037 
9 13.0456 29.9009 
s or S 
21e7661 
16.4119 
1602621  
16.2303 
1507418 
15.7214 
15.7016 
15.6996 
15.6983 
15,6973 
S DZ S 
39,6789 
25.1706 
24.7230 
24. 641 6 
23,6882 
2 33,. 6 54 9 
23,5535 
23e4890 
23,4707 
23.4645 
SO2 S 
55.2806 
34.1544 
33.4832 
3303711 
32.2507 
32.2329 
32.2322 
32.1062 
32 0 5 0 5  
32 .0384  
S DZ s 
116.2624 
14.4119 
1 4 3 6 4 1 
1 4 , 3 5 1 0  
14,1980 
14*1807 
14.1668 
, 14,161a 
14.1334 
14.1314 
63.9195 
39.8988 
39,3001 
39.1980 
37. 6664 
37.5610 
37.5491 
37,6770 
37,4349 
37,4321 
70.8956 
43.2412 
42.5246 
42.3940 
40, 8331 
40,7402 
40 6626 
40.5630 
40.5303 
40.5258 
73.5216 
46.1206 
45.3719 
45.2414 
43.7073 
43.61 31 
43.6069 
43.4948 
43.4493 
43.4397 
58.4814 
36.0110 
37,5230 
30.0562 
2z. 4440 
35 o 9657 
35.9510 
35.8908 
35 .8606  
3 5 .  8533 
2 5 6  
S f A T I O N  
CYCLE 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
N U M B E R  491 
SDX 
14,2810 
12,9370 
12.9245 
12 e 91 70 
12,8793 
12,7796 
Y2*77?5 
12.7744 
12,7735 
12.7731 
RANK = 28  
SDY 
54.8915 
37,4708 
3 1  ,9002 
31 88109 
30,3491 
30 ,3058  
30e.2909 
30.2324 
30,1368 
30.1959 
STATIUN N U M 6 t R  3 2 1  RANK = 2 9  
C Y C L E  SDX SOY 
0 15,3038 50,0799 
2 15.2178 29,7650 
1 L 5 e 2 3 0 2  30,2586 
3 15,2175 29.6878 
4 15,0799 2a.4194 
5 15,0290 28,3756 
7 15mD138 28,327a 
6 15,0273 28.3553 
8 14,9985 28.3261 
9 14,9985 28.3235 
S T A T I O N  NUMBER 13, RAhK = 3 0  
CYCLE sox SDY 
0 14,2463 45,8432 
1 14,8118 28e0750 
- 2 14,7517 27,6165 
3 .  14,7479 27.5486 
4 14.4205 26.3480 
5 14,3998 26,3062 
6 14,3997 26,2956 
7 14.2918 26,1609 
8 14-1579 .25.8078 
9 1 4 e 1 5  76 25.8064 
STATION NUMBER 47, RANK = 31 
CYCLE SDX 513 Y 
0 15.3996 52,2339 
1 14.2180 31,2180 
2 14.1650 30.6754 
3 14.1420 30.5921 
4 13,8389 29,2047 
5 13,8134 29,1507 
4 13,8133 29,1605 
7 13,3966 )29*0706 
8 €3.2798 2 8 . 9 9 3 %  
9 13,2777 28,9518 
S QL 
40,5849 
25.6692 
25 ,2101  
25, I31 5 
24,1653 
24.1325 
2 4 , 1 2 9 2  
24,0430 
24-0016 
23,9965 
SDZ 
45,5220 
2 a , e 0 3  
28,1038 
28,0198 
26.9986 
26,9673 
26.9670 
26.8397 
26,8066 
26.7605 
SO'? 
1580064 
13,8884 
13,8552 
13.8480 
13,7180 
13.7150 
13 7056 
1316487 
13,4635 
13.2921 
SDZ 
24,5908 
17,5722 
17.3692 
17,3333 
16.8375 
16.8204 
16,8155 
16,8083 
16.7779 
16.5312 
S 
69,7435 
43,3662 
42 e 6641 
42,5485 
40,0767 
40,7938 
40.7801 
40,6852 
40.6336 
40,6298 
5 
69,3868 
44,3471 
43.6733 
43,5666 
41 e 9999 
41,9319 
41,9241 
41.aizo 
41.7041 
41,7529 
5 
50,8991 
34.6480 
34,2382 
34,1708 
33,0205 
32.9768 
32.9645 
32,7862 
32 e 3690 
32,2969 
s 
59,7514 
38 e 5422 
77,9910 
37 9062 
36,%'408 
36,3799 
34,3695 
36,1536 
36,0346 
35,8857 
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STATION NUMBER 121 R A N K  = 3 2  
C Y C L E  sux SOY 
0 2 4  1704 300 8 6 9 9  
1 16,9986 1 9  e 9 0  3 4  
2 16,7617 19 ,6273  
3 16,7339 19,5841 
4 1 6 0 1 2 0 3  1%. 02 88  
5 16,1276 1 8 ,  a097 
6 1 b e 1 2 4 1  1 8 0 8 0 0 1  
7 3.599287 1 0 , 5 6 5 9  
8 15,9228 18 ,5347  
9 15 92 05 18,4861 
~ ~ A ~ I ~ ~  NUMBER 2 3 9  HAIqK = 33 
CYCLE SOX SDY 
0 20,9963 4 3 0  3729  
1 ti.24za 26,5321 
2 1600820 26, 1022 
3 169 0636 2 6 , 0 3 7 1  
4 %5,5670 2 4 , 9 1 4 4  
5 1505645  24.8762 
b 15 e 5 6 3 8  2 4 , 8 6 4 4  
7 15,5200 24,7703 
0 i5 ,4za8  24 ,6386  
9 15,4242 2 4 , 6 3 7 9  
S T A T I O N  NUMBER 401 RANK = 3 4  
CYCLE SOX S DY 
0 20.8260 38,1409 
1 1 7 - 2 7 7 8  24e 5277  
2 1 7 0 1 5 8 8  2 4 , 1 9 9 1  
3 17014.51 2 4 ,  ’I 493 
4 1 4 * 7 6 0 0  2 3 , 2 1 2 8  
5 1 6 , 7 5 5 4  2 3 , 1 8 9 4  
6 1 6 0 7 5 4 3  2 3 0  1 7 7 8  
7 16,1466 23.0702 
a 16~6288 22,9983 
9 l b e 6 2 5 ?  2 2 , 9 9 4 1  
STATION NUMBER 31, R A N K  = 3 5  
CYCLE sox SDY 
0 2 1 , 2 7 3 1  30e‘2.736 
1 18.3531 21,5868 
2 13,2538 21.3935 
3 18,2422 21.3625 
4 17 ,9257  20 ,7442  
5 170.32I.6 2 0 , 7 3 3 3  
6 17,9208 20 ,7253  
7 17 ,9137  20,6541 
8 17.7946 20,6640 
9 17,7920 20,6365 
S D L  
1 8 - 2  03 8 
14,5034 
14.390s 
14,3743 
14 ,0872  
14.0813 
14 ,0777  
1 4 , 0 3 5 4  
1 4 , 0 1 2 1  
1 3 0 9 6 1 5  
so2 
35,3017 
2 2 0 9 O b  I. 
22.5269 
2 2 , 4 7 0 8  
21.6727 
2 1 0 6 6 5 5  
21,6432 
21. s 305 6 
2193056  
21 ,0364  
saz 
53,2255 
34.0400 
33 ,4722  
33 ,3906  
32,2654 
32.2163 
3?,2126 
32,0064 
31,9921 
31,9187 
S 
4 3 , 2 6 0 3  
29,9240 
29 ,5510 
2995002 
2 8 , 5 1 4 9  
28 ,4989  
2894899 
za,zo3o 
28,1676 
2 8 , 1 0 9 1  
s 
590 7349 
3 8 , 6 3 2 5  
38.0449 
3 7 , 9 5 9 3  
3 6 , 5 0 7  
369 4 6 3 8  
36, 4441 
36.L714 
3 6 , 0 4 2 2  
315,8812 
S 
6 4 , 2 8 7 5  
42 4749 
41.0689 
410 7800 
40.3525 
40,3078 
4 0 3 2 9 9 1  
40, 1 0 7 1  
40,0165 
3 9 m  951 1 
S 
6 4 0  8695 
440 2 8 9 4  
4 3 0 7 1 8 1  
4 2 2 3 4 0 3  
43,6356 
42.2959 
4 z e  280% 
4 2  e 0940 
4 2  m 0275  
4 1  9 9669 
APPENDIX I11 
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Input to Solution Segment (SEGSOL) 
Columns 
Card Set 1: (14 I 5) 
(1) Number of unknown and known stations. 1-5 
(2) Number of unknown stations, 6-10 
Card Set 2: (14 I 5) 
Station numbers in the pre-established order. 
1-5, 6-10, ... , 66-70 
(repeat on new card if necessary) 
*Card Set 3: (2 DE 25.16) 
(1) Semi-major axis of reference 
ellipsoid. 
(2) Semi-minor axis of reference 
ellipsoid. 
1-25 
26-50 
Card Set 4: ( 3  E 16.8) 
(1) Punch "1.0" if estimated variance of unit 
weight of the adjustment is not wanted. 1-16 
* ( 2 )  Number of observations minus 3 times the 
number of events. 33-48 
" ( 3 )  Contribution to V'PV, namely W'PW 
*Punched output from normal equation formation programs 
Card Set 5: 
* (1) 
* (2) 
* (3) 
* ( 4 )  
* ( 5 )  
Card 1. Row nurrber (station number) of 
normal equations. (14 I 5 )  1-5 
Card 2. U vector. (303 16-8, 5x1) 
1-16, 22-35, 43-58 
Cards 3-5. Nkk matrix. ( 3  E 16.8) 
1-16, 17-32, 33-48 
Card 6. Station number (14  I 5) 1-5 
Cards 7-9. N matrix. ( 3  E 16.8) 
1-16, 17-32, 55-48 
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Columns 
*(6) Last card in row contains 999. (14 I 5) 1-5 
( (1) - ( 5 )  repeated for the required number 
of stations) 
*(7) Last card after all rows contains 999. 
(14 I 5 )  
Card Set 6: 
(1) Card 1. Number of stations to be 
weighted. (14 I 5) 1-5 
(2) Card 2. 
Stqtion numb (14 I 5) 1-5 tg ]  Weight. (E f f : 8 )  6-21 
(Card 2 repeated for required number of 
stat ions) 
Card Set 7: 
*(1) Card 1. (I 4, 4X, 3 DF 16.6) 
(a) First station number af two for 
fixing of spatial chord (lowest 
rank of the two). 
(b) Three Cartesian rectangular coordin- 
ates u, v, w (must be the same 
values used in forming the normal 
equations) . 
16-24, 25-40, 41-56 
* ( 2 )  Card 2. (1 4, 4X, 3 DF 16.6) 
(a) Second station number of two 
(b) As in 41 c (b), 
(higher rank than (11) - (a) ) .  1-4 
(3) Card 3.  (F 10.5) 1-10 
Standard deviation of terrestrial spatial 
distance in meters. 
(repeat the above 3 cards for each distance.) 
(Blank card at the end of the above - even 
if no distances are entered as input.) 
Card Set 8: 
(1) Card 1. (14 I 5) 
The number of comment cards to follow. 1-5 
261 
(2 )  Cards 2-no (12 L 6) 
*Card Set 9: (I 4, 4 X , 3 D F  16.6, 2 F 7.4') 
(1) Station number. 
(2) Three Cartesian coordinates 
U? V, W, 16-24, 25-40? 41-56 
(3 )  Latitude and longitude i n  radians. 
57-63, 64-70 
( Card Set 9 for all stations in 
the solution) 
Columns 
2-72 
1-4 
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Input to Terrestrial Spatial Distance Segment (SEGTSD) 
Columns 
Card Set 1: (14 I 5) 
Punch "1" if estimated variance of unit weight 
of the adjustment is not wanted, blank 
otherwise, 5 
Card Set 2: (14 I 5)  
(1) Number of comment cards to follow. 1-5 
(2) Punch "1" if printout of adjusted 
coordinates, standard deviations, correla- 
tions, and so forth is desired, other- 
wise leave blank. 10 
Card Set 3:  (12 L 6) 
Comments , 2-72 
Card Set 4 :  ( 2  I 5 , D F  20.8, F 10.5) 
(1) Station number of station of lowest 
rank between which the distance is given 
(station must not have a number greater 
than 99). 1-5 
( 2 )  Station number of second station 
(rank must be greater than (1 ) , 6-10 
(3) Terrestrial spatial distance in meters. 11-30 
(4) Standard deviation of distance in meters 31-40 
(repeat card sets 2 to 4 for any number of 
distances. ) 
(Follow the above with 2 blank cards.) 
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Columns 
Card Set 1: (14 I 15) 
Punch "1" if estimated variance of unit 
weight of the adjustment is not wanted, 
blank otherwise. 
(14 I 15) 
Number of comment cards to follow: 
Punch t'ltt if printout of adjusted 
coordinates, standard deviations, 
correlations and so forth is de- 
sired, otherwise leave blank. 
(12 L 6 )  
5 
1-5 
10 
2-72 
1-10 
11-20 
Card Set 3:  
Comments . 
Card Set 4: 
(1) 
(F 10.5, DF 10.5) 
Test parameter for rejection of simul- 
taneous event adjustment. 
A priori variance of unit weight (must 
be the same value used through entire 
adjustment) 
Card Set 5: 
Card 1. (14 I 5 )  
Number of stations in event 1-5 
1-5 
Card 2. (I 5) 
Event number. 
Card 3 (I 3 ,  2x, f 2, 1 3 ,  DF 9 . 5 ,  
2 ,  L 3, I 2, DF 15.5, 14X, F 5.2) 
1-3 
4-5 
6-7 
8-10 
11-19 
m-21 
22-24 
25-26 
27-41 
42-55 
56-60 
station number 
blanks 
hours of event 
minutes of event 
seconds of event 
day of month 
month 
last 2 digits of year since 1900 
range in meters 
blanks 
standard deviation of range 
(repeat card 3 for the required number 
of stations in the event) 
287 
(4) Card 4. (14 I 5) 
Punch 99. 
columns 
9-10 
Repeat card sets 2 to 5 for each se- 
quential event. 
Follow end of sequential date with 1 blank 
card. 
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